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NOMENCLATURE FOR BOUNDARY TENSION EQUATIONS
The fluid drop is in all oases a.solid of
revolution about a vertioal axis. In general, the shape
of a drop will be studied from the shape of its profile
ourve. The positions of points in the liquid surfaoe
are referred to a system of reotangular ooordinates
where z is the vertioal distance measured from the point
where the liquid surfaoe outs the axis of rotation, and
x is the horizontal ooordinate measured outward from
the axis.
b = radius of ourvature at the origin
~ = horizontal paper shrinkage
Bo = optioal magnifioation of oamera
Bv = vertical paper shrinkage
~ = dimensionless group desoribing drop shape
o = numerioal oonstant
1
g
y
= the principal oenters of ourvature
= diameter at the plane of the equator
= diameter at the seleoted plane
= eooentrioity of an ellipse
= aoceleration of gravity
= boundary tension
°h = vertioal distanoe between two planes
H = a dimensionless funotion of S
k = a numerioal oonstant
K = a point
1 = a linear dimension
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a point
a point
a point
pressure disoontinuity aoross the interfaoe
pressure disoontinuity at the origin
angle between the normal and the axis
internal radius of a tube
the two prinoipal radii of ourvature
the density of a fluid
length of an arc measured from the origin
ds/de
the effeotive density = PI - P2
an angle
volume of fluid out off by some plane
x = horizontal distanoe from the axis
x = x/b
z = vertical distance from the origin
Z = z/b
INTRODUCTION
Boundary tension is a term used in this
paper to include the properties known separately as..surface tension am interfac ial tens ion."i~Surfaoe
tension is the boundary tension at a liquid-gas interface.
Interfacial tension is the boundary tension at a liquid-
liquid interface.
Surface tension measurements differ from
interfacial tension measurements more in details than
in nature. The mathematical theory is the same, but the
experimental problems are so different that few methods
of boundary tension measurement are equally applicable
to both aspects of the more general problem. Fortunately,
the study of pendant drops is a method which is suitable
for determining either surfaoe tension or interfacial
tension. Thus, it is possible to use the same basic
apparatus and the same methods of calculation in both
problems. These have been desoribed in terms applicable
to either type of measurement. Other phases which involve
separate and distinct problems will be treated as such.
ANDREAS, J. M.; nInterfao ial Tens ion by
Pendant Drops," Sa. D. Thesis, M. I. '1'., Course X,(1938).
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Surface tension data have been obtained for
a number of types of liquids. These measurements have
been principally made for the purpose of demonstrating
the capabilities of the method of pendant drops under a
variety of conditions and for comparing the results of
the method with the commonly acoepted values published
in the I. C. T. and elsewhere.
The outstanding advantages of the method of
pendant drops are its speed, versatility, avoidanoe of
the necessity of determining the contact angle, sim-
plioity of routine oalculation, and ability to make
determinations without disturbing the surfaoe being
measured. It is possible to make a series of measurements
of the surface tension of a single liquid drop as its
surfaoe composition and struoture ohange with time.
It will be convenient to discuss first those
phases of the problem whioh are applioable to both
surfaoe tension and interfaoial tension measurements,
and then to present the surfaoe tension data, discussion,
,and oorrelations.
APPLICATIONS AND USES OF BOUNDARY TENSION
The value of a knowledge of surfaoe energy
has long been reoognized by colloid and physioal ohem-
ists, and only the laok or a preoise and rapid method
for determining boundary tension has retarded progress
in its widespread applioation to a variety of problems.
In the rield of ~olloid Chemistry, the impor-
tance of boundary tension determinations is well estab-
lished. From the oorrelation of oomprehensive data, it
is possible to deduce much about surfaoe struoture and
the migration to or from the surface of those solutes
which are said to be positively or negatively adsorbed.
The energy of a surface gives a valuable criterion for
judging the efficienoy of grinding, spraying, and emul-
sifying operations, since it indioates the minimum amount
of energy which must be expended to produce a given result.
Solubility changes with particle size are recognized as
manifestations of surface energy. A comprehensive know-
ledge of interfaoial tensions would be of tremendous
importance to teohnicians interested in the production,
inversion" and destruction of emuls ions.
To organio ohemists, the rapid and accurate
determination of surfaoe tensions offers a tool of
5
rapidly increasing importance. In the extensive
literature developed since the introduotion of
paraohors by Sugden, in 1924, the teohnique for de-
duoing organic molecular structure from a knOWledge
of moleoular weight, surface tension, and the differ-
ence between liquid and vapor density has been demon-
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*strated. The chemist is also interested in the use
of boundary tension determinations in analytical work.
While its use has been severely restricted by the un-
wieldiness of the.existing methods for boundary tension
measurement, this tool is of great potential value.
Boundary tensions are sensitive to minute traces of
impurities if these are surface active.
* The parachor is an additive property of the
constituents of molecules whioh is defined by the approx-
+0.25 -1imate equation, P = (M Y )(D - d) , where M is the
molecular weight, y is the surfaoe tension, and D and d
are the liquid and vapor densities. The values of the
parachors for members of a homologous series increase by
39 for eaoh additional CH2 group; similarly definite
parachor increments result from the addition of other
atomic or struotural constituents. The parachor is
particularly valuable for deteoting the presence of
double bonds. It is insensitive to isomerism.
A large portion of the literature on surface
tension deals with its application to problems in
medicine~ Doctors have studied the surface tensions
of blood serum, spinal fluid, and gastric juice in
normal and abnormal individuals. Unfortunately, the
problems are extremely complex and it is difficult to
disentangle the faotors producing the observed result.
Surfaoe tension measurements have been used in stan-
dardizing the concentration of some antiseptio solutions.
Biology also makes frequent use of surface
tension measurements. Such interesting items as the
surface tension of sea urchin eggs are to be found in
the literature.
Surfaoe tension measurements have been reoom-
mended for the oontrol of filtration and acid treatment
pro~esses for the refining of lubrioating oil.
A knowledge of the boundary tensions of solid
surfaces has great potential value, though there are no
generally satisfactory methods for obtaining these data.
However, studies of the change of solubility with par-
ticle size and certain extrapolation methods permit the
estimation of such boundary tensions. Important fields
of application for solid-liquid boundary tensions are
casting operations, lubrication, paint manufacture, and
adhesives.
METHODS OF MEASURING BOU}IDARY TENSION
Many methods have been proposed ~or the
determination of boundary tension. Dorsey, in 1926,
listed and disoussed seventeen methods 'for boundary
tension measurement. Since that time a great deal of
literature has appeared desoribing proposed new methods
and improvements in existing methods. However, only a
few are of outstanding importanoe, and the present dis-
oussion will be limited to the more important methods
and to some of their modi~icatlons.
I The Capillary Rise Method
The oapillary rise method is the only
primary method at present in use, and it is the one
by whioh all seoondary methods are oalibrated.
I'
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Figure 1.
If an interface between two fluids exists
in a small vertioal tube there will be a total of
three interfaoes in the system; the one between the
two fluids, and an additional one between eaoh fluid
and the wall of the tube. The fluids may be two
liquids, or one of the fluids may be a liquid and
the other may be a gas. There is one and only one
contaot angle of the fluid interfaoe with the wall of
the capillary tube which satisfies the conditions for
static equilibrium between the three boundary tensions.
(Figure 1.) The equilibrium curvature of the center of
the liquid surface is completely determined by the
radius of the tube, the angle of contaot, and the
physioal oonstants of the system.
Associated with any given curvature of the
liquid surfaoe is a pressure which may be visualized
by thinking of the surface as if it were a stretohed
membrane under tension. Accordingly, if it is to be
in equilibrium, ~he liquid surface must satisfy two
conditiuns: (1) the angle of contaot with the wall
must have a specified value, and (2) the pressure re-
sulting from the curvature at any point in the liquid
surface must be balanced 'bya oorresponding fluid head.
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~~ difference in elevation between the
center of the interface in the capillary tUbe and
the level of a horizontal free surface outside the
tube is a function of the boundary tension of the
interface, the contact angle between the interface
and the wall of the tube, the radius of the tube,
and the specific weights of the fluids.
In practice it is impossible to form a "free
surfaoeTlof infinite extent and it is even diffioult to
approximate this oondition satisfaotorily, since the
curvature of a liquid surfaoe formed in a tube with a
diameter of as muoh as three or four oentimeters is
still appreciable. It is therefore necessary to oal-
oulate the position of the free surfaoe and this must
be done from a knowledge of the dimensions of the reservoir.
r-~"'-'o!' :---r2r
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Figure 2.
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Consider a vertical capillary tube standing
in a dish o~ liquid which is so large that the sur.face
of the liquid is level. (Figure 2. )
If the liquid meets the wall of the tube at
an angle Q, the vertical pull at the plane o~ contact
is (2 'Jt r y cos g) •
If Hav is the average height of the liquid
meniscus above the ~ree surfaoe o~ the liquid in the
dish, ('Jt r2 Hav (PI - P2) g) is the weight o~ the
liquid oolumn.
At equilibrium, the vertioal ~orces are
balanced and:
By solving for y we obtain:
This formula is exaot, but it is useless for
the exaot determination of boundary tension sinoe the
average height, Hav' can only be estimated with satis-
faotory precision when r is very small. It is not prao-
tioal to ~se capillary tubes of extremely small diameters
because of the diffioulties of measuring suoh small
internal diameters with adequate preoision, cleaning
them, and obtaining a sufficiently uniform, oylindrioal
bore.
The formula requires a knowledge of the
contaot angle, g. Since this angle oannot be measured
accurately, the practioal usefulness of the oapillary
rise method is limited to cases where Q is either zero
or 180°. Fortunately, a majority of the important
pure liquids wet glass oompletely in air, and in this
oase e is zero.
The various oomplicated formulas for the
capillary rise methcrlwhich appear in the literature
arise from the experimental neoessity of using H, the
distance from the free surface to the center of the
meniscus, in place of H .av
The exaot integrated equations of the capil-
lary surfaoe have never been derived, and therefore
the exaot relationship between Hand Hav cannot be
expressed analytically. However, approximate formulae
of any required preoision can be derived by the use of
series expansions or from the correlation of empirical
data.
The formulae of Raleigh, Sugden, Verschaffelt,
and others result from the use of different series
expansions and various assumptions whioh simplify the
equations and limit the generality of the results.*
Of speoial interest are equations whioh assume:
(1) Small tubes, (2) Large tubes, or (3) Contaot
angle not zero.
The capillary rise method is applicable to
a wide variety of problems in boundary tension measure-
ment, but it has some important limitations. It is
particularly applicable to pure, non-viscous liquids
which wet the tube wall completely. For such fluids it
gives results of the highest precision. It has even
been applied with sucoess to the determination of the
surfaoe tension of very viscous liquids suoh as tar or
bitumen, although in this ease a very long time is re-
~H}quired to obtain equilibrium.
The capillary rise method is not suited to
the determination of the change of boundary tensions of
oapillary active solutions with time beoause there may be
a considerable lag between the change in the boundary
tension of the interface and a oomplete adjustment in
the vertical position of the liquid menisous.
A critical discussion of the different formulae
1s given by DORSEY, N.E.; U.S. Bureau of Standards,
Scientific Papers, 21, 563, (1936).
~H~ LEAUTE, A.; Compt. Rend., 201, 41-43, (1935);
reports that it required 360 hours to establish equl1i-
brium with a certain sample of bitumen.
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An experimental diffioulty common to all
methods, but particularly troublesome in the capil-
lary rise method, is the problem of satfsfaotorily
oleaning all parts of the apparatus which oome in
contaat with the fluids being studied. Complicated
procedures have been developed for aleaning glassware
and partioularly for cleaning capillary glass tubes.
Most of these procedures involve aoid oleaning solu-
tions and prolonged steaming.
In its basic form, the capillary rise method
requires the use of rather large samples. This dis-
advantage has been partially met by a number of
mioro-oapillary methods.
One of the requirements of the oapillary
rise method is that ~he diameter of a small oapillary
tube be known Within very close limits. This is usual-
ly accomplished by indirect methods, such as by weighing
a thread of mercury Which fills the tube for a measured
distance. It is difficult to obtain and calibrate tub-
ing suitable for preoise oapillary rise work, siDoe the
bore of the tube must have a uniform, circular cross
section. The literature is full of seemingly fantastic
reports of testing hundreds of feet of capillary tubing
in searoh of a single short pieoe of sufficient perfeotion.
Many researoh workers have sought to oiroumvent this
problem by using one or another of ~he null point
oapillary rise methods.
One variation depends upon the direot
measurement of a pressure with a manometer. (Figure 3. )
A capillary tube stands vertically in the liquid and a
gas pressure is applied in suoh a way that "thelevel
of the interface in the oapillary tube is the same as
the level of the free surfaoe outside the tube. Since
the menisous 1s always formed at the same point in the
Figure 3.
oapillary tube, it is only necessary to have acourate
information about the dimensions of the tube at a
single poin"t. Irregularities in o~er parts of the
tube are totally irrelevant. The pressure measuring
devioe is commonly some type of manometer. This
t5
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introduoes two additional oapillary surfaoes into
the system whioh is being studied. There may also
be oomplioations due to the inequality in vapor
density above the,two legs of the manometer.
Reoently, Jones and Ray have improved on the
null point teohnique and have developed a secondary
method of high preoision which is espeoially valuable
for determining the surfaoe tension of dilute solutions
relative to the known surfaoe tension of the pure solvent.
(Figure 4.)
Figure 4.
Index
They avoid the measurement of linear dimensions by
oomputing the surfaoe tension from the weight of
liquid whioh must be added to the U-tube to bring
the meniscus to a standard position in the oapillary.
The method is standardized by observing the behavior
of pure water and using the aooepted value of its
surfaoe tension whiohwas obtained by the standard
oapillary rise teohnique.
Representative of the miorooapillary
methods is the so-oalled "conioal oapillary tube."
(Figure 5.) A small capillary tube is welded to
17
Figure 5.
~~ JONES and RAY; Ph. D. Thesis, Harvard, (1936).
JO~mS and RAY; J. Am.Chem.Soc., 59,I,187,(1937).
the end of a larger one. If such a tube is placed
in a horizontal position and a slug of liquid which
wets the walls is introduced, the fluid will tend
to move into the smaller tube. This tendency of the
fluid to move can be balanced by a gas pressure ap-
plied to the smaller end and measured with a manometer.
The conical capillary may be used as either a primary
or a secondary method, depending upon the method of
calculation. It has the advantage that it uses very
small samples, and it is claimed to give results which
are as accurate as those obtained by other capillary
rise methods.
If used to measure the boundary tension of
substances to which it is suited, the capillary rise
method is the most accurate known. It is possible to
obtain results which are consistent to within! 0.01%,
and the work of different investigators checks within
less than a tenth of a dyne.
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II The Drop Weight Method
t9
The drop weight method shares with the
method of Jones and Ray the distinction of being one
of the most rapid of the ~ecise, seoondary methods
for determining surfaoe.tension. If drops are formed
slowly on a small drop-forming tip and are allowed to
detach under the influence of gravity when they exceed
the maximum stable size, the volume and weight of the
drops will be functions of many variables of which the
most important are tip size, effeotive weight of the
fluid, and the boundary tension. The boundary tension
oan be oomputed from the weight of a specified number
of drops or from the number of drops whioh are formed
from a given volume of fluid.
There is no oomplete mathematical theory that
will permit the direot calculation of boundary tension
from drop weight measurements, and therefore the method
cannot be used as a primary standard. In fact, to quote
Dorsey, nThe drop weight method stands by itself as one
involving undetermined faotors.u Some idea of the com-
plexity of the problem oan be gained from high speed
.::- EDGER TO.N, :ErAUSER, and TUC KER ; J. Phy • Ch em. ,
41, 1017 - 1028, (1937).
motion pictures showing the mechanism of drop
detachment. (Figures 6 and 7.)
"". . .•
NITROBENZENE,,,,,."',. . . .
•
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Figure 6. ALCOHOL AND WATER
""". .• • •
•
SODIUM OLEATE AND WATER
"""I I•
• •
•
GLYCERf£ AND ALCOHOL
An excellent empirical correlation has been..
developed by Harkins and Brown"i\which makes it possible
to calculate surface tension from measurements of drop
..::. HARKINS and BROWN; J.Am.Chem.Soc., 41, 499, (1919).
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Figure 7.
weight, fluid density, and tip diameter. Their work
is based on observations of water and benzene in the
presence of air, and their empirical correlation was
derived for use in determining the surface tension of
pure, non-viscous liquids. Its application to the
measurement of the surface tension of viscous liquids
or to the determination of interfacial tension is open
to question.
There is considerable doubt about the meaning
of measurements made by drop weight method for the pur-
pose of determining the effect of ageing surfaces. As
the drop detaohes, a oertain amount of new surfaoe
is formed at the neok where the drop is pulling away
from the tip. Thus, although the ageing of surfaoes
does have an effeot on the results obtained by the drop
weight method and serves to oloud the issue in all
measurements, the method is unsuited for the direot
measurement of this phenomenon.
If properly used, the drop weight method is
rapid and will give oonsistent results whioh oan be
standardized to better than ~ 0.1 %. The method re-
quires the oonstruotion of an aoourate set of drop
forming tips, but does not offer any exoeptiona1 ex-
perimental diffioulties. The tips are reasonably
easy to olean, and the apparatus is subjeot to simple
temperature oontrol.
III The Maximum Bubble Pressure Method
The maximum bubble pressure method is a
rapid approximate method whioh 1s applioable under
adverse oonditions, such as are met in studying molten
..:~metals at high temperatures.
If a small thin-edged tube is submerged in
the liquid, there will be a well defined maximum pressure
~" SUGDEN, S.; J. Chern.Soc., 121, 858-866, (1922).
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which is necessary to start the formation of a gas
"
bubble on the end of the tube. This pressure may be
used as a measure of the surface tension. (Figure 8.)
Figure 8.
There is no useable theory for the maximum
-".bubble pressure method." The method requires the
calibration of each tube by measuring the surface
tension of known liquids.
The method is currently popular and is in
frequent use. It has been satisfactorily applied to
23
measuring liquid metals and fluid glass. The re-
suIts appear to have an accuracy of from! 2.to ! 5 %.
~'" This is als 0 called Jaeger Is Method.
~H~ VICKERS, SUGDEN, and BELL; J. Soc. Glass Tech.,
18,224 - 254, (1935).
IV The Du N~oyRing Method
24
The Du NUoy ring method is a rapid, approxi-
mate, seoondary method for determining either surfaoe
tension or interfaoial tension_ It is notable for a
remarkably simple theory, and for the obsoure way in
whioh praotioe deviates from the theoretical assumptions.
It has been oonveniently assumed that, when a
horizontal wire ring is lifted from an interfaoe, it
forms a thin oylindrioal film of liquid whose length is
equal to tWioe the oiroumferenoe of the ring (sinoe there
is a surfaoe inside the film as well as one on the out-
side). The pull on the ring at the time of rupture
should therefore be, p = 4 ~ r y. In practioe it is
found that ~he pull on the ring bears no simple mathe-
matical relationship to the dimensions of the ring, and
some sort of empirioal oorrelation is neoessary.
Harkins and his oo-workers~~have developed
relationships with whioh it is possible to determine
surfaoe tension from a lrnowledge of the dimensions of
the ring and of the physical properties of the fluids,
but ~he direot oalibration of each ring as suggested
by Maoy~~* 1s probably preferable.
~~ HARKINS, YOUNG, and CHENG; Science, 64, 333, (1926).
\ -~H" MACY; J. Chern. Ed., 12, 573, (1~35).
It is possible to determine surfaoe
tensions by the ring method with an aoouraoy of
from ~ 1 % to t 2 %, using the methods of either
Harkins or Maoy. The ring method is not subjeot
to easy temperature oontrol, but it is very rapid
and the equipment is readily obtainable from dealers
in soientifio apparatus.
In Europe, the method of Lenard is more
oommonly used. This is a variation of the ring
method .inwhioh a film is lifted from aU-shaped
staple instead of from a horizontal ring. It is
sUbjeot to the same advantages and limitations as
Du NUoy's method.
A olear idea of the oomplexity of the
meohanism of the ring method and the reason Why the
simple theory fails may be had by studying the high
speed motion pictures made by Hauser, Edgerton, Holt,
u~~and Cox.
~~ HAUSER, EDGERTON, HOLT, and COX; J. Phys. Chern.,
40, 973, (1936).
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v The Method of Pendant Drops
26
In antioipation of material whioh will
be presented in detail in a later seotion, it may
be said now that the new method for oaloulating
boundary tensions from photographs of pendant drops,
whioh in this thesis is termed "The Method of the
Seleoted Plane," is a versatile, rapid method of
high preoision. Early students of pendant drops
used such unsatisfaotory mathematical procedures
that the method of pendant drops languished in un-
deserved disfavor for many years. The new method
oompletely overoomes the diffioulties and provides
a means,for obtaining a series of instantaneous
measurements under oonditions when other methods are
oompletely inoapaoitated.
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DERIVATION OF 1HE FUNDAMENTAL RELATIONSHIP
Between the Pressure Disoontinuity, Boundary Tension,
and Curvature of a Liquid Surfaoe
The moleoules of a liquid are subjeot to
strong mutual attraotions, whioh, for a moleoule 10-
oated in the interior, are balanced uniformly in all
direotions and give rise to the oompressive stress
known as its internal pressure. The importance of these
forces oan be emphasized by citing, as a typical example,
benzene, which bas an internal pressure at room tempera-
ture of about 4,000 atmospheres. That so great a pressure
is normally overlooked oan be explained by pointing out
the fact that it is balanoed in all direotions and there-
fore is not apparent. In the same way, the atmospherio
pressure is not easy to deteot and its very existenoe was
not suspeoted for thousands of years.
These cohesive forces exert a strong inward
attraotion on molecules located in the liquid surfaoe so
that the latter tend to move into the interior of the
liquid. The net effeot of the inward attraction on all
of the surfaoe molecules is a deorease in the area of the
liquid surfaoe which will continue until the surfaoe has
the smallest possible extent consistent with the
volume o~ the fluid and the external constraints
imposed on the system. (Figure 9.) This spontaneous
behavior o~ the liquid surfaoe is one of its most
important properties.
Vapor
o
o
Figure 9.
Beoause of the presence of forces which tend
to make the surface of the liquid oontraot, a definite
amount of work must be done if the sur~aoe is to be in-
oreased by the aotion of an external agent. This work
is done against intermoleoular oohesion as additional
28
molecules are brought ~rom the interior to form the
new surface. The isothermal, reversible work that is
required to produce a unit area o~ new surface is its
free energy and is denoted by y; it has the dimensions
of ergs per square centimeter.
In many problems, it is more convenient to
look upon the free boundary energy as a tension acting
equally in all d~reotions in a homogeneous, isotropic
-::-surface. Since boundary tension has the same numerical
value and dimensions as boundary energy, it is possible
to replace one by the other whenever a change in point
of view will clarify the solution of a given problem.
'l'hus,'Chework done in extending a surface which is
pulling with a tension of 72 dynes per centimeter will
be 72 ergs per square centimeter.
A homogeneous, anisotropic surface also has a
definite free boundary energy; but it is a case which is
excluded from the present discussion since the orienta-
tion of an anisotropic surface must be taken into con-
sideration in determining the boundary tension acting in
any particular direction. Certain of the surface films
described by Langmuir appear to be homogeneous, aniso-
tropic sheets. They may be regarded as "two-dimensional
solids. It
29
There is actually no net ~orce in the
liquid acting parallel to the sur~ace among the
sur~ace molecules, and the concept of the surface
as a stretched membrane is apt to be misleading. The
tension in a membrane varies with the extent to which
it has been stretched~ but the tension in a liquid sur-
~ace is independent o~ its shape or size. The boundary
tension results ~rom unbalanced ~oroes acting in a di-
rection perpendicular to the surface, but the tension
in a membrane is the sum of real cohesive forces acting
in the stretched sheet. Since the volume o~ a ~luid is
fixed, the inward attractions on the surface molecules
cause the boundary to contract and give an e~fect whioh
is qualitatively similar to what would be observed if
the surface were replaoed by a thin uniform membrane
under tension.
The ooncept of boundary tension, in oontrast
to the more fundamental concept o~ ~ree boundary energy,
is a convenient mathematioal device by which the net re-
sult of the forces between innumerable moving moleoules
is replaoed by a ~ictitious static stress acting in a
mathematical surface. This surface is itself an ideali-
zation of the actual interface. It is apparent ~rom the
nature o~ the assumptions which have been made that the
concept of boundary tension can be valid only in
systems which are large in comparison to the size
of a molecule. Specifically, the idea of boundary
tension developed here cannot be expected to apply to
very thin liquid films or to colloidal liquid droplets.
The exact quantitative relationship between
the boundary tension, the mean curvature, and the
pressure difference between the inside and the outside
of a curved liquid surface oan now be derived in
accordanoe with ideas originating with Young, Laplace,
~z.Adam, and others.
The derivation given below requires that the
small, reotangular element of area can be so chosen
that pairs of adjaoent normals will interseot. This
requirement is satisfied whenever the liquid surfaoe is
a surfaoe of revolution. It has been shown that a more
elaborate derivation leads to the same differential
equation regardless of the shape of the liquid surface,
but a oompletely general derivation will not be given
here since the simpler treatment is rigorous for the
cases under consideration.
~~ YOUNG, Thomas; Phil. Trans., 5, 65, (1805).
LAPLACE, Pierre Simon; uMechaniqu~ Celeste,"
supplement to the tenth book, (1806).
ADAM, N. K.; uThe Physics and Chemistry of Surfaces, n
Oxford, (1930). Page 12-13-14.
cF.igure 10.
Consider the work involved when eaoh point
of a small, reotangular element of the surfaoe, KLMN,
is displaoed (normal to the original surfaoe and away
from the oonoave side) by a small distanoe, dR, equal
to KK', ete. (Figure 10.)"
/
(1)
The normals at K and L have been extended
to meet at C, and those at Land M have been extended
tome eta t C'.
Let the radius of curvature of the aro KL
be called R and that of the arc LM be called Rr.
The angle KCL is now KL/R radians, and the
angle LC'M is LM/R' radians.
The area of the element of surface after
displacement is (ICL + (KL/R) dR ) (LM + (LM/R') dR)
or, neglecting seoond order quantities,
ICLMN ( 1 + (dR/R) + (dR/R') ).
The work done against the free boundary energy
or boundary tens ion, y, is (KLMN)(dR)(l/R + l/R') (y) .
If the pressure differenoe between the"two
sides of the surface is p, the work done in moving
KLMN a distance dR is, p (KLMN) dR.
The only force resisting the movement of the
surface is the boundary tension, therefore:
p = y ( l/R + l/R' )
This is the required fundamental relation-
ship. It applies to any free, homogeneous fluid
interface, irrespective of whether the interface
separates a liquid from a gas or from another liquid,
provided only that the surfaoe is in static equilibrium.
METHODS FOR COMPUTTIJG BOUNDARY TENSION
From ,the Shape of Pendant Drops
For convenience, it is customary to divide
all symmetrioal liquid drops into two classes
sessile drops and pendant drops. (Figure 11.)
(0)
(b)
Figure
(c)
(d)
11.
Sessile drops oorrespond roughly to an oblate
spheroid. They are formed when a drop of liquid rests
upon a flat, horizontal plate (a). The liquid surface
in a capillary tube also has the "sessilen shape (b).
Pendant drops correspond to a prolate
spheroid; and, as their name implies, they result
when the liquid drop is hanging from a flat, hori-
zontal surface (c), or from a vertical cylindrical
tip (d).
All methods for determining the boundary
tension between two fluids from measurements of the
equilibrium shape and size of their common boundary
depend upon one or both of two basic equations.
The first was derived in the preoeding seotion.
It conneots the pressure difference between the two
sides of an interface with its boundary tension and
with its mean curvature:
p = y ( l/R + l/R' ) -- (1)
The second is an application of statics to a
liquid drop Which, from considera tions of symmetry, is
known to be bounded by a surface of revolution about a
vertical axis. It expresses the faot that, when the
fluid is in equilibrium, the vertical forces aoting
aoross any horizontal plane are balanced.
2 ~ x y sin ~ = V ~ g + ~ x2 P -- (2)
The oonditions of physical equilibrium for
the drop are completely defined by these two laws, but
the solution of the problem of finding the best way to
determine the boundary tension from measurements
of a given drop is only begun. It is obvious that
many sets of measurements might be made and that the
labor as well as the precision of the result will
depend upon a judicious choice of both experimental
and mathematical procedure.
During the course of the present investi-
gation, six different mathematical procedures were
considered:
I The Method of Ferguson,
II The Method of Worthington,
III The Method of Two Planes,
IV The Method of'the Plane of Infleotion,
V The Method of the Plane of the Equator, and
VI The Method of the Seleoted Plane.
It is convenient to develop f'irst the mathe-
matical equations which are used in each of these six
methods and then to discuss in the next section certain
experimental problems which are of the greatest impor-
tance in determining the seleotion of the method whioh
best oombines the desired qualities of'speed, aocuraoy,
and preoision.
I The Method of Ferguson
Ferguson considered that the profile
ourve of a pendant drop oould be fitted, in the
region olose to the origin
Z = 0 x2
by the parabola:
(3 )
Forming the first and seoond derivatives:
Z' = 2 0 x, and
Z'. = 20.
At the origin, x = 0, and the two radii of
ourvature are equal, therefore:
R =R' = (l/zu )( 1 + (Z,)2 )3/2 =2
2 0
Equation (1) can now be applied at the
origin where it beoomes:
'Y = P R
2
= h O'g R
2
= h~<1' g
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-- (4)
FERGUSON" A.; Phil. Mag., (6), 23, 417-430,
(1912)
The origin is the point at which the liquid
surfaoe outs the axis of rotation.
The value of 0 was determined by fitting
equation (3) by the method of least squares to the
coordinates of a number of points measured on an
enlarged photograph of the drop. The static head,
h, between the origin and the free surface was
measured from a second photograph showing the entire
apparatus.
Figure 12.
The method of Ferguson oan be regarded as
a variation of the capillary rise method. (Figure 12.)
Both methods require the direot measurement of a statio
head, but they differ in that the capillary meniscus
is sessile whereas Ferguson uses a pendant drop. In
the capillary rise method, the curvature at the oenter
of the meniscus is usually inferred from the measured
~~diameter or the tube. Ferguson determined the curva-
ture by fitting a parabola to the measured coordinates
of a number of points on the liquid surface.
Ferguson's computed values for the surface
tension of pure water were too low by 2 % and
scattered rather badly. He attributed this to using
too low a magnification and to the approximat ion in-
troduced by fitting a parabolic curve to the drop. He
suggested the use of the biquadratio, z = cx2 + kx4,
to obtain a closer fit.
The use of a biquadratic greatly complicates
the oaloulation and would probably not make the method
practioal beoause of its other disadvantages. The
method requires two simultaneous photographs, a large
number of very preoise measurements, and curve fitting.
This method was not tested in the present
program, since the direot measurement of the statio
head is impossible in equipment designed to give optimum
results by the other pendant drop methods.
* Speoial tables Which are valid when the angle
of contact is zero have been prepared for this purpose.
SUGDEN; J. Chern.Soc. London, 119, 1483, (1921).
II The Method of Worthington
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Worthington noted that the exoess pressure,
p, at any level in a drop is the differenoe between
the pressure at the origin, Po' and the statio head,
z~g, between the origin and the plane under oonsider-
ation.
p = Po
\z<.Jg (5)
Thus, at any plane, all but two of the quantities
appearing in equation (2) are either known or oan be
measured direotly from a profile of a drop. These
unknowns are y and Po •
Worthington passed four arbitrary planes
through the drop and solved for y and Po between
eaoh of the possible pairs of equations. (Figure 13.)
(2.1)
21r )(:1 T S 10. r}3 ? V:1 () 3 +'\f X3-"l.. (p0 - 2~6"g) - - ( 2 • 3 L
.<.1l X 4 r S /n ;ioJ '" Vi () g -{1rx:~'\.. (p 0- z., ()~) - - (2 • 4 )
~~ WOR'llHINGTON,A.M.; Proc.Roy.Soo.London, 32, 362-377
(1881). --
WORTHINGTON, A.M.; Phil. Mag. ,(5),19, 46-48, (1885).
oFigure 13.
The most probable values of y and Po were
then oomputed by the method of least squares.
The method of Worthington suffers from the
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disadvantage that values o~ low precision, resulting
~rom solutions between planes which are close together,
are averaged with more precise values obtained ~rom
solutions between more ~avorably located planes. The
preoision of the final result is thereby lowered. It
is better to make only a single solution between the
two most favorably located planes o~ a given drop, and
to examine more drops.
Some of Worthington's results were in error
by as much as three or .~our per cent due to the use of
extremely crude apparatus. He attempted to traoe the
projeoted images of the drops by hand, had no thermo-
stat, and did not use a teleoentric lens system.
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III The Method o~ Two Planes
If the value of the boundary tension is to
be oomputed by applying equation (2) to a given drop
at each of two favorably located planes, it is conven-
ient to eliminate the pressure from the equations at
once, since it is a quantity whioh cannot be conveniently
measured and whose value is not required •
.<.'iI K, r s in ell = VI 0"9 + 1\ (X')~P,
2\\ K~ ". S;Y\ r/;~ -=- V"L <Sg ~\\ (X~)~~~
(2.1 )
(2.2)
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Figure 14.
Note that:
sin ~l = Xl/Rl ,
sin ~2 = X2/R2 , and
P2 = PI + h () g.
Combining these expressions with equations
(2.1) and (2.2) :
21\ Xl'-- '1~ lV,(J~ +(\\(,'-p, JK,
~ II x.>.-..... y = l"L <S" C;l -t 1r X>.-'>- p, {-11 )(......h Clg ] '"R '-
Eliminate Pl and get :
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2'\f 't,4( - V, <JsB
X. ~l<,
2T 'I..?-,. T- VL<J9l'R it- -If Y~~h (Jg\2~
X.l..~",-
Solve for y and obtain
r v, 'll ...'-'\(.'R>.. - V>. X ,'" 'R :1{...- If XI>' )1>.1( ~>. h]
L ~\"l.-'t.l...."'-1<."L. - XI'1..)(~4""R,
Divide both numerator and denominator by
R R Ix x1 2 1 2
This is a general equation for computing
the boundary tension from measurements made at any
two arbitrarily selected, horizontal planes which
pass through a static fluid drop.
If the seoond plane happens to be the plane
of the equator, x2/R2 = 1, and, after multiplying
through by xl/x2, a form which is more convenient for
oomputations is obtained:
] -- (6.1)
If the planes are close together, both numerator and
denominator contain nsmall differences between large
numberstt and the precision will then be very low.
Best results are obtained When the first plane is
roughly half way between the end of the tip and the
equator and when the drop has a pronounced ttneokU
obtained by forming a drop of maximum size from a
tiP whose diameter is about three-quarters of the
diameter of the largest section of the drop.
Under the most favorable conditions, when
both the shape of the drop and the locations of ~he
two planes are well chosen, (VI (x2/xl)2) will be
about twioe (V2 + ~ (x )2 h), and (x /Rl) will be2 2
roughly 1.25. If linear dimensions of a drop oan be
measured to within ~ 0.2 %, the unoertainty in the
resulting value of the boundary tension will be about
:t 3 fo.
4.5
IV The Method of the Plane of Infleotion
The prinoipal difficulty in the use of
equation (1) is the practioal impossibility of making
a sufficiently precise determination of the mean
ourvature, (ljR + ljn'). Since R is always equal to
X/Sin ~ : it can usually be estimated to about :t 0.2 %.
However, R' is much more difficult to determine. The
-l~ Th.is is a general property of solids of revolut ion..
value of this radius can be expressed in terms of
first and second differentials:
3/R 1 = (l/zU) (1 + (z f ) 2) 2
Careful measurements by the best available methods
may lead to an unoertainty of as muoh as two or three
per oent in R f.
The only exoeption to this difficulty is
the plane of infleotion at which RI is infinite and
l/Rf equals zero. (Figure 15.)
Figure 15.
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By combining equations (1) and (2) we get:
--(7)
At the plane of inflection this reduces to:
--(8)
This is a useful equation of high precision
(since it involves a small number of easily measured
quantities and no subtractions) provided that the loca-
tion of the plane of inflection can be accurately found.
In the case of pe.ndantdrops of the usual
shapes, if the plane of inflection is estimated too high,
V will be too large, R/x will be approximately unohanged,
and x will be too small. The oomputed value of y will
therefore be too large because of an error in both V and
x. These two errors will aot in the same direction and
augment each other. For drops hanging from a horizontal
surface of infinite extent, the errors tend to cancel.
* The pictures from Which the surfaoe tensions
of the first 33 samples of the system water-methanol-
glyoerol were determined were computed in two different
ways: the method of.the plane of infleotion and the
method of the seleoted plane. These results are tabu-
lated for oomparison in the thesis of Tuoker, TABLE VIII.
Since the method was found slower and less preoise than
the methcrl of the selected plane, it was not used at any
other time.
v The Method of the Plane of the Equator
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Bashforth and Adams have shown that equation
(1) oan be rewritten as a relationship between dimen-
sionless groups in the form:
Vlhere, X = x/b, Z = z/b, Z' = dZ/dX, 2" = d2Z/dX2,
b is the radius of ourvature of the drop at the origin,
gd"b"and ~ = This quantity, beta, is a,.-
dimensionless group which determines the shape of the
profile curve. It is negative for sessile drops and
positive for pendant drops.
z
FigUl"e 16.
Bashforth and Adams have obtained a
number of numerical solutions for equation (9) and
3published the values of ~, x/b, z/b, sib, and V/b
for sets of points on curves of constant beta. The
results whioh deal with the shapes of pendant drops
have been plotted and are presented in Figure 17.
These ourves coincide with a circle of unit radius at
the origin, pass through a point of infleotion, and
eventually approach a horizontal asymptote as X ap-
proaches infinity. Vfuen X is dZ/dX = 0, d2Z/dX2 = 0,
and the distanoe from the asymptote to the origin is:
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= =
2
o =
2 y
g b2
-- (10)
~~ BA,SHFORTH and ADAMS; nAn Attempt to Test
the Theories of Capillary Action,n Cambridge, (1883).
This book represents the oombined work of
three men: Bashforth, Whose interest in oapillarity was
the motivating force behind the publication; Adams, whose
knowledge of mathematics made the mathematical treatment
possible; and Encke, Who carried out the numerical
oomputa tions •
zVv...._-floO.6/ ~4.01----+--/~/~-+-::v~j--------t---r--r--~
/ ..----~ to.7
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The fact that the curves computed by
Bashforth and Adams do not approaoh the correot
asymptotes indioates that oumulative errors crept
into their calculations. These errors are negligible
at points near the origin, but they beoome progressive-
ly greater as sib increases. The ourves were oomputed
by a stepwise, algebraio prooedure, oommenoing at the
origin. The unoertainty in the result arises from the
difficulty of the mathematical problem, rather than
from any laok of labor or oare on the part of the oomputer.
An alternative method was suggested by
~~Lord Kelvin many years ago. A guess is first made of
the radius of curvature, R', at a neok of arbitrarily
seleoted diameter. The profile ourve is then extended
toward the origin by a series of stepwise graphical
constructions. If the curve is horizontal when it meets
the axis of rotation, the true profile curve of a static
drop has been found; if not, a new guess must be made and
the laborious construction must be repeated. Typical
of the results which oan be obtained by this method are
LORD :K:ELVIN;"Popular Leotures and Addresses,"
Vol. I, p. 1-72, Macmillan, (1889).
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~~the curves which were constructed by Perry and more
recently by Porter~~~The precision of the method is so
low that the curves are of only qualitative interest.
Since aotual drops are bounded by these
ourves, they may be determined experimentally, but it
is impossible to reProduoe the entire length of a de-
sired ourve with a pendant drop. The part of the ourve
near the origin aan always be realized, but the arms will
be out off by the support from which the drop hangs.
If an attempt is made to increase the volume
of the drop in order to form a greater area of the
bounding surface, the drop becomes unstable and falls off.
Observations of the behavior of pendant drops
indicate that the instability of large drops arises from
their inability to recover from small deformations
caused by vibrations in the room.
If the drop is small, its principal mode of
vibration is a pendulum-like swaying and is oharacter-
ized by a negligible vertical shift in the center of
gravity of the fluid mass and a large restoring foroe
resulting from the relatively great increase in surface
THOMSON, Sir Wm.; Nature, 34, 290-294, (1886).
PORTER, Alfred W.; Phil.Mag.,(7), 8, 180-186,(1929).
energy whioh is required by even a small displaoe-
mente The drop is therefore quite stable toward
this type of oscillation.
If the drop is allowed to grow to a large
size, it will then have an additional mode of vi-
bration, vertical bouncing. This type of mo~ion is
oharacterized by large changes in the potential
energy of the fluid which are only barely overbalanced
by oorresponding changes in the surface energy. When
a large drop starts .tovibrate in this way in response
to some sonic or mechanical disturbance with which it
is in resonanoe, the amplitude of the motion inoreases
rapidly until the limit of stability is passed, the
neok oontraots to a zero diameter, and a large portion
of the fluid will detaoh itself from the residual mass.
One of the purposes for which the tables of
Bashforth and Adams were prepared was to assist in the
me~surement of boundary tension. They pointed out that
it is sufficient to make a precise determination of x,
z, and ~ for a single point on the surface of a drop.
In particular, if a point is chosen at the equator,
~ = 90°, and the boundary tension can be computed from
precise measurements of x and z.
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TABLE ONE
By Graphical Interpolation of the Data of Bashforth
and Adams
5i = 90°
Beta x/z x/b z/b
0.0 1.000 1.0000 1.00
+ 0.1 0.984 1.0175 1.03
+ 0.2 0.958 1.0378 1.08
+ 0.3 0.918 1.0598 1.15
+ 0.4 0.872 1.0872 1.25
+ 0.5 0.814 1.1220 1.38
+ 0.6 0.690 1.1729 1.70
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Figure 18.
o
z
With Table One available, it is possible
to rewrite the definition of beta and to solve for
the value of the boundary tension:
55
9 X b'-'Y - ~(3- :=. -- (11)
In using this method, one first locates the
equator, measures x and z, oomputed x/z, finds beta
and x/b from Table One, and then caloulates the
boundary tension from equation (11).
This method would be valuable if a sufficient-
ly detailed tabulation of the value of p (x/b)2 as a
funotion of x/z were available and if there were a
sufficiently rapid and precise method far determining
the looation of the equator. In praotioe, the equator
oannot be looated with satisfaotory speed and preoision.
The extensive tabulation of Bashforth and
Adams whioh oorresponds to Table One deals with sessile
drops beoause of the importance of the shape of the
liquid menisous in capillary tubes. Nevertheless, their
methods are equally applioable to pendant drops.
VI The Method of the Selected Plane
The published work of Bashforth and Adams
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on pendant drops is too incomplete to be valuable for
experimental determinations of boundary tension. How-
ever, it is sufficient to sug@9st the general outlines
whioh such tables would have if they were constructed.
The greatest value of their work lay in their clear
recognition of the fact that the surfaces of all possible
symmetrical liquid drops fnrm a two parameter family.
In their work, it was oonvenient to use b, the radius
of ourvature at the origin, as a parameter descriptive
of the SIZE of the drop and to use beta ( 13 = 9 0'0'1... )
Y'
as a parameter descriptive of its SHAPE. The selection
of this pair of parameters was arbitrary. Any other
pair of convenient parameters might have been used.
As an illustration of this fact, consider the
set of all possible ellipses Which is also a two par-
ameter family. For some problem, it might be convenient
to use the length of the major axis (2a) as the size
parameter and the eccentricity ( e= ~ )as the
0-
shape parameter. It would be equally justifiable to
use the area as a size parameter and to use the ratio
of the area to the square of the minor axis as a shape
parameter. (Figure 19.)
1
b
1
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Figure 19.
In determining the value of the boundary
tension from the shape and size .of pendant drops, b
and beta are not convenient parameters since neither
one of them can be readily determined by direct
measurement.
The equatorial diameter, de' can be measured
with greater accuracy than any other dimension of a
drop, since it is the distance between two clearly
defined parallel lines and its length is relatively
unaffected by a small error in estimating the location
of the plane of the equator.
If a seoond horizontal plane is selected
at an arbitrary distanoe from the origin, its
diameter can also be measured with a high degree
of aoouraoy. (Figure 20.)
The manner in which this seoond plane is
seleoted is determined by oonsiderations of oonven-
ience. A careful examination of numerous pictures
of pendant drops suggested that the diameter, ds' of
a plane for \1hiohz = d , would best oombine thee
desired qualities of being susoeptible to precise
measurement and of being influenced rapidly and
continuously by a progressive ohange in the shape
of the drop.
Figure 20.
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It was therefore deoided to use the
diameter, d , as the SIZE parameter, and to use thee I
ratio, ds/de, as the SHAPE parameter. These par-
ameters have the advantage that they can be measured
readily, with high precision, from a picture of a
drop. They have the disadvantage that no analytical
functions are known with which they can be used to
give the integrated equation of the profile of the
drop or the value of its boundary tension. The
required relationships must be determined empirically
by the examination of drops of known surface tension
or mathematically from the differential equation by a
laborious oombination of stepwise caloulations, series
expansions, and interpolations.
Both beta and de/b are functions of the
shape parameter, S = ds/de. Ace ordingly, by graphic al
interpolation of the data of Bashforth and Adams we
can form Table ~~o.
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VARIATION IN THE SHAPE
OF PENDANT DROP,S
60
I I I,
I
Figure 21.
TABLE TWO
Pendant Drops
Beta de!b d /b S = ds/de H = f3( d.e.)2s . b
-0.1 Beta is negative for sessile drops.
0.0 2.000 0.000 0.0000 0.0000
+0.1 2.035 ...---- ---_ ...- +0.4141
+0.2 2.076 _ ...._- ------ +0.8620
+0.3 2.120 1.531 0.7222 +1.3483
+0.4 2.174 1.786 0.8215 +1.8905
+0.5 2.244 2.049 0.9131 +2.5178
.+0.6 2.346 2.352 1.0025 +3.3022
+0.7 There is no equator here or beyond.
We can now convert the new parameters to
the old ones and use the definition of beta:
61
-- (12)
It is oonvenient to define a new funotion,
H = f3 ( ~ )2
b
and to obtain its value direotly as a tabulated
function of the shape parameter, S.
-- (13)
-- (14)
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This method is unquestionably the most
promising of the six which have been considered:
The only quantities which must be measured are three
linear dimensions, and these dimensions have been
deliberately selected for their ens of measurement.
It is not necessary to determine angles, tangents,
volumes, or points of infleotion. No subtractions
are involved. The function, H, can be determined with
all necessary precision in either of two ways: The
method is a primary standard if H is computed from the
differential equation. The method is a secondary
standard if H is determined by calibrating the method
against drops of some pure liquid of known surface
tension.
The signs of the terms in equation (14) have
been determined by a oonvention at variance with that
used by Bashforth and Adams as is shown by the form of
equation (9): Gamma, g, and de' are taken to be always
positive. Beta is positive for pendant drops. Sigma
is considered to be positive when the weight of the
drop acts in a direction away from the supporting tip.
Accordingly, H is positive for pendant drops.
Preoision is limited by the aoouraoy with
which linear measurements can be made. If the linear
measurements have an unoertainty of t 0.1 %, the
oomputed boundary tension will have an unoertainty of
:!: 0.5 fo.
The accompanying ta"bulations of the relation-
ship between Hand S were prepared from a smoothed
curve obtained by oalculating baokWards from measure-
ments of the surfaoe tension of a oarefully prepared
sample of oonductivity water in air at 25° C.
(y = 72.00 dynes per centimeter) It is believed that
these tables are oorrect to within about! 0.1 % whiCh
is all that is required by the present oamera. If a
more preoise pendant drop camera is built at some time
in the future, it will be neoessary to prepare more
detailed and more acourate tables. A oheok on the
aoouraoy of the tables is given by the exoellent
agreement between the measured values of the surfaoe
tension of a number of pure liquids and oorresponding
values reported in the literature. A table showing
these values is given in the seotion in which surfaoe
tension measurements are reported.
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ARITHMETIC
TABLE THREE,
TABULATION OF H-S
-FOR PENDANT DROPS
FUNCTION
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S V5. '/H
Interpolation is unwarranted
s 0 1 2 3 4 5 6 7 8 9
0.70 0.797 .795 .792 .790 .787 .785 .782 .780 .777 .775.71 .772 .770 .767 .765 .762 .759 .757 .754 .752 .749.72 .747 .744 .742 .739 .737 .735 .732 '.730_ .727 .725.73 .722 .720 .718 .715 .713 .711 .709 .706 .704 .702.74 .699 .697 .695 .692 ,,690 .688 .685 .683 .681 .679
.75 .676 .674 .672 .670 .668 .665 .663 .661 .659 .657.76 .6SS .658 .650 .648 .646 .644 .642 .640 .637 .635.77 .633 .631 .629 .627 .625 .623 .621 .619 .617 .615.78 .613 .611 .609 .607 .605 .603 .601 .599 .597 .595.79 .593 .591 .589 .587 .585 .583 .581- .579 .577 .575
0.80 .573 .571 .570 .568 .566 .564 .562 .561 .559 .557 '.81 .555 .553 .551 .550 .548 .546 .544 .542 .540 .539
.82 .537 .535 .533 .532 .530 .528 .526 .524 .523 .521.83 .519 .518 .516 .515 .513 .511 .509 .507 .506 .504
.84 .502 .501 .499 .498 .496 .494 .493' .491 .490 .488
.85 .486 .485 .483 .482 .480 .479 .477 .476 .474 .473.86 .471 .470 .468 .467 .465 .464 .462 .461 .459 .458'.87 .457 .455 . .454 .452 .451 .450 .448 '.447 .446 .444.88 .443 .441 .440 •439 .437 .436 .434 .433 .431 .430 ..89 .429 .428 .426 .425 .423 .422 .420 .419 .418 .417
0.'90, .415 .414 .413 .411 .410 .409 .408 .406 .405 .404.91 .403 .401 .400 .399 .398 .396 .395 .394 .393 .391.92 .390 .389 .388 .386 .385 .384 .383 .382 .381 .379.93 .378 .377 .376 .375 .373 .372 .371 .370 .369 .368.94 .366 .365 .364 .363 .362 .361 .359 .358 .357 .356
.95 .355 .354 .353 .352 .351 .350 .349 . .348 .346 .345.96 .344 .343 .342 •341 .340 .339 .338 .337 .335 .334.97 .333 .332 .331 .330 .329 .328 .327 .326 .325 .324.98 .323 .322 .321 .320 .319 .318 .317 .316 .315 .314.99 .313 .312 .311 .310 ..309 .308 .307 .306\ .305 .304
1.00 .303
TABLE FOUR
LOGARITHMIC TABULATION OF H-S FUNCTION
FOR PENDANT DROPS
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~TS=~t:7L d.
IO+Log,o S vs. IO+Log,o I/H
Interpolation is unwarranted
s 0 2 4 6 8 S 0 2 4 6 8
9.700 10.18 68 65 62 58 55 9.750 10.09 92 88 84 80 77.701 52 48 45 42 :38 .751 7:3 69 65 62 58.702 35 32 28 25 22 .752 54 50 47 43 39.703 18 15 12 08 05 .753 35 32 28 24 20.704 02 *98 *95 *92 *88 .754 17 13 09 05 02
.705 .17 85 82 78 75 72 .755 .08 96 94 90 87 83.706 68 65 62 58 55 .756 79 75 72 68 64.707 52 48 45 42 :38 .757 60 57 5~' 49 45.706 35 32 28 25 21 .758 41 38 30 26.709 18 14 11 07 04 .759 22 19 15 11 07
9.710 00 *97 *94 *90 *87 9.760 04 00 *96 *92 *89.711 .16 84 80 77 74 70 .761 .07 85 81 77 73 69.712 67 64 60 57 54 .762 65 61 58 54 50.713 50 47 • 43 40 36 .763 46 42 39 35 31.714 33 30 26 23 20 .764 27 23 20 16 12
.715 16 13 10 06 03 .765 08 04 01 *97 *93.716 .15 99 96 92 89 85 .766 .06 89 85 82 78 74.717 82 78 75 71 68 .767 70 66 62 58 54.718 64 61 58 54 51 .768 51 47 43 39 35.719 _ 47 44 40 37 33 .769 31 27 23 19 15
9.720 30 26 23 19 16 9.770 12 08 04 00 *96.721 12 09 05 02 *98 .771 .05 92 88 85 81 77.722 .14 95 91 88 84 81 .772 73 69 65 61 57.723 77 74 70 67 63 .774 54 49 45 42 38.724 60 56 53 49 46 .77 30 26 22 18
-.725 42 39 35 32 28 .775 14 10 06 02 *98.726 25 21 18 14 10 .776 .04 94 90 86 82 79.727 07 04 00 *97 *93 .777 75 71 67 63 59.728 .13 90 86 83 79 76 .778 55 51 48 44 40.729" 72 69 65 62 58 .779 36 32 28 24 20
9.730 55 51 48 43 40 9.780 16 12 08 04 00.731 36 33 29 26 22 .781 .03 96 92 88 84 80.732 19 15 1~ 08 05 .782 76 72 68 64 60.733 01 *98 *94 *90 *87 .783 56 52 48 44 40.734 .12 83 80 76 73 69 .784 36 32 28 24 20
.735 66 62 59 55 52 :785 16 12 08 04 00.736 48 44 41 37 33 .786 .02 96 92 88 84 80.737 30 26 22 19 15 .787 76 71 67 63 59.738 11 08 04 00 *97 .788 55 51 47 43 39.739 .11 93 90 86 83 79 .789 35 31 27 23 18
9.70\0 76 72 68. 64 61 9.790 14 10 06 02 *98.741 57 53 50 46 42 .791 .01 94 90 85 81 \ 77.742 39 35 31 28 24 .792 73 69 65 61 57.143 20 17 13 09 05 .793 53 49 45 41 37.744 02 .98 .94 *91 .87 .794 32 28 24 20 16
.745 .10 83 80 76 72 69 .795 12 08 04 00 *95.746 65 61 58 54 50 .796 .00 91 87 83 79 75.747 47 43 39 36 32 .797 71 66 62 58 54.748 28 25 21 17 14 .798 50 46 42 37 33.749 10 06 02 .99 .95 .799 29 25 21 17 13
9.750 .09 92 66 64 80 77 9.800 08 04 00 *96 .92
TABLE FIVE
LOGARITHMIC TABULATION OF H-S FUNCTION
FOR PENDANT DROPS
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8TS=~de d. d•.l IO+Log,o S vs. IO+Log,o I/HInt.rpolation is unwarrant.d
5 0 2 4 6 8 S 0 2 4 6 8
°9.800 10.00 08 04 00 *96 *92 9.850 04 *99 *95 *90 *86.801 9.99 88 83 79 75 71 .851 9.88 81 77 72 67 63.802 67 63 58 54 50 .852 58 53 49 44 39.803 46 42 38 33 29 .853 35 30 25 21 16.804 25 21 17 13 08 .854 11 07 02 *97 *92
.805 04 00 *96 *92 *87 .855 .87 88 83 78 74 69.806 .98 83 79 75 70 66 .856 64 59 55 50 45.807 62 58 53 49 45 .857 40 36 31 26 21.808 40 36 32 27 23 .858 17 12 07 02 *98.809 19 15 10 06 02 .859 .86 93 88 83 79 74
9.810 .97 98 93 89 85 81 9.E6C 69 64 60 ~5 50.811 76 72 68 64 59 .861 45 41 36 31 26.812 55 51 47 42 38 .862 21 16 11 05 01.813 34 29 25 21 16 .863 .85 97 92 87 82 77.814 12 08 03 *99 *95 .864 73 68 63 58 53
.815 .96 90 86 82 77 73 .865 48 43 38 33 29.816 69 64 60 56 51 .866 24 19 14 10 05.817 47 43 38 34 30 .867 00 *95 *90 *86 *81.818 25 21 17 12 08 .868 .84 76 71 66 61 56.819 04 *99 *95 *91 *86 .869 52 47 42 37 32
9.820 .95 82 78 73 69 65 9.870 27 22 17 13 08.821 60 56 52 47 43 .871 03 *98 *93 *88 *83.822 39 34 30 25 21 .872 .83 78 73 68 63 58.•823 16 12 08 03 *99 .873 ~~ 48 44 39 34.824 .94 95 90 86 81 77 .874 24 19 14 09
.825 73 68 64 59 55 .875 04 00 *95 *90 *85.826 50 46 42 37 33 .876 .82 80 75 70 65 60.827 28 24 19 15 10 .877 55 50 45 40 35.828 06 02 *97 *93 *88 .878 30 25 20 15 10.829 .93 84 79 75 70 66 .879 05 00 *95 *90 *85
9.830 61 57 53 48 44 9.880 .81 80 75 70 65 60.831 39 35 30 26 21 .881 55 50 45 40 35.832 17 12 08 03 *98 .882 30 25 20 15 10.83} .92 94 89 85 80 76 .883 05 00 *95 *90 *85.834 71 67 62 58 53 .884 .80 79 74 69 64 59
.835 49 44 40 35 31 .885 54 49 44 39 33.836 26 22 17 13 08 .886 28 23 18 13 08.837 04 *99 *95 *90 *86 .887 03 *97 *92 *87 *82.838 .91 81 77 72 68 63 .888 .79 77 72 67 61 56.839 59 54 50 45 41 .889 51 46 41 36 31
9.840 36 32 27 23 18 9.890 26 21 16 11 06.841 14 09 04 00 *95 .891 01 *96 *90 *85 *80.842 .90 90 86 81 76 72 .892 .78 75 70 65 59 54.843 67 63 58 53 49 .893 49 44 .39 33 28.844 . 44 }9 35 30 26 .894 23 18 13 07 02
.845 21 17 12 07 03 .895 .77 97 92 8T 81 \ 76.846 .89 98 93 89 84 79 .896 71 66 61 55 50.847 75 70 66 61 56 .897 45 40 35 29 24.848 52 47 42 38 33 .898 19 1" 09 0" *98.849 29 24 19 15 10 .899 .76 93 88 83 78 72
9.850 04 *99 *95 *90 *86 9.900 67 62 57 52 46
TABLE SIX
LOGARITHMIC TABULATION OF H-S FUNCTION
FOR PENDANT DROPS
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IO+Log,o S vs. IO+LoglO I/H
Interpolotion is unworronted
t= (,~-~)gd:
H
5 0 2 4 6 8 S 0 2 4 6 8
9.900 9.76 67 62 57 52 46 9.950 05 00 *94 *88 *83.901 41 36 31 25 20 .951 9.62 77 71 66 '50 54.902 15 10 04 *99 *94 .952 49 43 37 32 26.903 .75 89 83 78 73 68 .953 20 15 09 03 *98
.904 62 57 52 46 41 .954 .61 92 86 81 75 69
.905 36 30 25 20 14 .955 64 58 52 47, 41.906 09 04 *95 *93 *88 .956 35 30 24 l~ 13.907 .74 82 77 72 66 61 .957 07 01 *96 *90 *84.908 56 50 45 40 34 .958 .60 79 73 67 62 56.909 29 24 18 13 08 .959 50 45 39 33 28
9.910 02 *97 *92 *86 *81 9.960 22 16 11 05 *99.911 .73 76 70 65 60 54 .961 .59 94 88 82 76 71.912 49 43 38 32 27 .962 65 59 54 48 42.913 22 16 11 05 00 .963 36 30 25 19 13.914 .72 94 89 84 78 73 .964 07 01 *95 *90 *84
.915 67 62 56 51 45 .965 .58 78 72 66 60 54.916 40 35 29 24 18 .966 48 43 37 31 25.917 13 07 02 *96 *91 .967 19 13 07 01 *96.918 .71 86 80 75 69 64 .968 '.57 90 84 78 72 66.919 58 53 47 42 36 .969 60 54 49 43 37
9.920, 31 25 19 14 08 9.970 31 25 19 13 07.921 03 *97 *92 *86 *81 .971 02 *96 *90 *84 *78.922 .70 75 70 64 59 53 .972 .56 72 66 61 55 49.923 48 42 37 . 31 26 .973 43 37 31 25 19.924 20 15 09 04 *98 .974 13 07 01 *95 *89
.925 .69 93 87 82 76 71 .975 .55 83 77 72 66 60.926 65 60 54 49 43 .976 54 48 42 36 30.927 38 32 26 21 15 .977 24 18 12 06 '00.928 09 04 *98 *92 *87 .978 .54 94 88 82 76 70.929 .68 81 75 70 64 58 .979 64 58 52 46 40
9.930 53 47 42 36 31 9.980 34 28 22 16 10.931 26 20 15 10 04 .981 04 *98 *92 *86 *80.932 .67 99 94 88 83 78 .982 .53 74 68 62 56 50.933 72 67 62 56 51 .983 44 38 32 26 20.934 46 40 35 30 24 .984 14 08 02 *96 *90
.935 19 14 08 03 *97 .985 .52 84 78 72 66 60.9:56 .66 92 86 81 75 70 .986 54 48 42 36 28.937 64 59 53 48 42 .987 22 16 10 04 *98.938 37 31 26 20 15 .988 .51 92 86 80 74 68.939 09 04 *98 *93 *87 .989 62 56 50 44 38
9.940 .65 82 76 71 66 60 9.990 32 26 20 14 08.941 55 49 44 38 33 .991 01 *95 *89 *83 *77 \.942 27 22 17 11 06 .992 .50 71 64 58 52 46.943 00 *95 *89 *84 *78 .993 40 33 27 21 15
.944 .64 73 67 62 56 51 .994 09 02 *96 *90 *84
.945 45 39 34 28 23 .995 .49 78 71 65 59 53.946 17 12 06 01 *95 .996 46 40 34 28 21.947 .63 90 84 79 73 68 .997 15 09 02 *96 *90.948 62 56 51 45 39 .998 .48 83 77 71 64 58.949 34 28 22 17 11 .999 52 45 39 33 26
9.950 05 00 *94 *88 *83 10.000 20 14 07 01 *95
MATHEbffiTICAL PROCEDURES USED IN THE COMPUTATIONS
I Means of Computing the Volume of the Drop
Of the six methods whioh havo been
oonsidered for oomputing the boundary tension from
pictures of pendant drops, three require the calcu-
lation of the volume of fluid hanging pendant below
some arbitrary plane.
Figure 22.
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(a) Graphioal Integration
Let the solid be divided into thin slioes
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by a large number of equally spaoed horizontal
planes. Then eaoh slioe may be oonsidered as a
oylinder having the average radius and the total
;~volume will be the sum of the volumes of the parts.
-- (15)
The labor of squaring the radii can be
avoided by reading the square of the average radius
direotly with the aid of an aoourately ruled glass
plate laid over the photograph. (Figure 23.)
Even with a devioe of this sort and with
an adding maohine, the labor of summing a suffioiently
large number of finite inorements is so great that the
method would only be used as a last resort.
An alternative method was used by Worthington
who found it oonvenient to fit a ~one of a sphere near
the origin and to fit frustrums of cones between the
other planes•
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Figure 23.
The grid in the background consists of
equally spaced horizontal lines and vertical lines
2which are placed at equal increments of x. This is
somet:t.mes called a "parabolic ruling. U
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(b) Calculation from the Equation of the Surface
Bashforth and Adams have shown that it is
possible to compute the volume of the solid from the
differential equation of its surface. They have done
this and give ~he results for a few seleoted drops.
These scattered data serve to indioate a possible
method of procedure. If additional values were
oomputed, the data oould be rearranged to produce a
two parameter table giving the value of V/x3 for any
oombination of values of x/z and ~.
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Figure 24.
Given a picture of a drop (Figure 24.)
one would measure x, z, and ~ at the plane below
which the volume is required. The tabulation is
entered with the value of x/z and of~. Knowing
both V/x3 and x, V aan be readily oaloulated.
The Bashforth and Adams tables are too
incomplete and the labor of enlarging them is too
great to make this methud available for the present
problem.
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Meohanical Integration
Integration of the volume of the drop
requires the evaluation of the integral,
-- (16)
around one half of the cross section of the drop.
~ speoial type of planimeter, known as the
"Amsler Three-wheel Integrator, tl~~ is able to obtain
the line integral,
-- (17)
For the ~heory of this planimeter see:
LIPKA; nGraphioal and Mechanioa1 Computation, It p. 250,
Wiley, (1918).
where M is the moment of the area traced, with
reference to the axis of moments, and m is the
reading of the moment dial of the instrument.
By comparison of these two integrals, it
can be seen that if the p01n~er of ~he instrument
travels in a figure-eight around the two halves of
the cross seotion of the drop, (Figure 25.) the
moment dial will read 1/4~ times ~he apparent
volume in cubic inches, if the'planimeter is
Figure 25.
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designed to give results in English units.
v = 40 'Jt m (18)
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This method is much faster than the method
of finite increments. A skilled operator can measure
and check the volume of a drop.in about five minutes
with a probable error of less than t 0.1 %.
II Means of Finding the Normal to a Curve
'The present importance of the problem of
finding the normal to the profile curve of a drop is
a consequence of the geometry of solids of revolution.
If x is the radius of the sec~on"R' is the
radius of curvature in the profile plane, R is the
other principal radius of curvature, cr and C are the
oorresponding oenters of curvature, and ~ is the angle
between the normal and the axis of rotation; then,
sin ~ = x/R, both centers of curvature lie on tbe
normal, and R is the distance from the surface to the
axis of rotation measured along the normal. (Figure 26.)
(a)
Figure 26.
The Logarithmio Spiral
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The logarithmio spiral is the loous of its
own center of ourvature, oonsequently it may be used
to find the normal and radius of ourvature at a point
on a ourve.
The spiral is allowed to slide through some
ohosen point, K, until it ooincides with the given
ourve in both direotion and ourvature. Then, the normal
may be drawn tangent to the spiral at Gt and
extended to cut the axis of rotation at C. Both
radii of curvature of the surface at the point, K,
have now been found since, R = KC, and R' = KG'.
(Figure 27.)
Figure 27.
This method is theoretically exact, but
it involves errors due to imperfeotions in the shape
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of the oelluloid spiral and to the experimental dif-
fioulty of deoiding when ~he spiral is in the right
plane.
"i,Commercially available spirals oan only be
used when the radius of ourvature, KC', is between 1.5
and 5.5 inohes. An experienoed operator oan expeot to
find the direotion of the normal within t 1° and the
length of the radius, R', within about ~ 3 %.
(b) Analytioal Curve Fitting
If the equation of the curve were known,
the first derivative, dZ/dx, oould be formed and
evaluated at any point and would be equal to the
ootangent of~. The known seoond order, second degree,
differential equation of the ourve has not been inte-
grated. Accordingly, neither the exaot first derivative
equation nor the exaot integrated equation is available.
It would be possible to fit an empirioa1
equation to a portion of any partioular ourve under
oonsideration. This equation could then be differen-
tiated, and the slope of the normal at any desired
point could be computed. When enough points are
~~ "The Logarithmic Spiral Curve, No. 1861,u
Keuffel & Esser Co., instruotions by Wm. Cox, no date.
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measured with sufficient precision and when the co-
efficients are accurately determined by the method
of least squares, this is undoubtedly the most
acourate and precise method for determining the
normal. The labor and time required are so great
that the method is impractical for problems where the
operation must be carried out many times.
(c) The Mirror Method
If the ourve is not too irregular, the normal
oan be found by drawing a line along the edge of a plane,
front-silvered, vertioal mirror held in suoh a position
that the uncovered half of the curve is oontinuous with
its own image. This method is very rapid. It works
best on curves which are nearly straight and gives re-
sults aocurate to within about ~ 10• (Figure 28.)
Figure 28.
(d) Use of a Protractor
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Experience shows that the most satisfactory
method is to construot a perpendioular to the apparent
tangent to the curve with the aid of a transparent
protractor of convenient size. The probable accuracy
which oan be expected with ourves of the type under
oonsideration is t 0.5°, and the me~hod is extremely
rapid.
III Means of Finding the Point of Inflection
(a) Analytical Curve Fitting
Special methods have been'developed~~ for
fitting curves to the coordinates of a number of points
whose positions are spaced in a predetermined way. It
is found possible to fit a fourth degree equation to
seven points on a given curve.
~:. AVAKIAN, A. S.; M. I. T., Course XVIII,
Math. ~hesis, (1933). The expressions for the co-
efficients of the quartic in terms of the ordinates
have been rearranged in a more convenient form by
Professor R. D. Douglass.
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I£ the fourth degree equation is to be
written in the form, y = a + bx + cxe + dx3 + ex4,
and if the ordinates of seven points whose abscissas
dif£er by h are measured and found to be, Y-3' Y-2'
Y-1' Yo' yl' Y2' and y3' the coeff10 ients of the
quartio Which best fits the data are found by the
method of least squares to be:
a -= Yo
b = ~(Yl-Y -1) 4- 67(Y2-Y -2) - 22(Y3-Y -3)
252 h
~ - 70y0 - \ <3 (y \ -I-Y -I ) + b 7 (Y 2..tr Y -"2) - r:3 ( y 34-Y - 3)
c 2b4 h '2.
d -=- (Y3-Y-~) ~ (Y2.-Y-Z) - (y,-y-,)3' h'3
~yo 4- (Y\4~ -1 ) - 7(y 2. +Y -2.) -f. 3(Y3 -"Y -.3)
2~4 h4
At a point of infleotion, the second
derivative of the equation of the curve is,
d2y __ 22 c + 6 dx + 12 exax2
whence
::i:,J 9d'-X -3d 24ce-
l2e
unless e = 0, in whioh case,
x = -0
3d
-3 -2 -I 0 I 2 3
Figure 29.
As an example, consider the problem of
finding the point of inflection in the profile of
a pendant drop.
The seven ordinates were spaced 1.5 centi-
meters apart and were measured upward from an arbi-
trarily selected base line. (Figure 29.) Using these
experimental va1ues,'the coefficients were computed
and found to be:
c = 274.68 - 273.36 = 0.00222594
d = 1.37 - 0.99 = 0.00315121.5
e = 28.56 - 28.56 = a,. 000001136.5
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As might have been foreseen, e turns out to
be zero since it is the coefficient of an even term which
is a power series expansion of an odd funotion.
The unfavorable nature of the subtractions
is apparent at once and makes the precision of the
final result very low.
x = (-0.00222)/(0.00945) = -0.23 om.
When linear measurements can only be made
with a precision of : 0.1 %, this method is probably
inferior to a good guess. It is certainly less satis-
factory than the pr ism ins trument described below. The
numerical calculation requires about thirty minutes.
(b) Use of a Prism
A device which is of value in the examination
of experimental ourves oonsists of a 90° prism securely
mounted in a suitable framework. (Figure 30.)
In all cases, the instrument indicates the
perpendicular bisector, MN, of a ohord, KL, of the curve.
For many ourves, this bisector does not differ appreci-
ably from a normal, and the device can be used to
determine the approximate normal, tangent, or slope at
"i\"a point on a given curve.
RICHARDS and ROOPE; Science, new series, 71, 290-291,
(1930) .
Figure 30
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Figure 31.
If the ourve is a symmetrioal odd function,
the perpendicular bisector of a chord joining two
points where the curve has the same slope will pass
through the point of infleotion. For irregular, S-
shaped curves, the instrument will indioate a point
too near the straighter arm, but the error will usually
be negligible, provided that the ourve is not too un-
balanoed in the region examined. To find a point of
infleotion with the instrument, the axis of the prism
is turned perpendicular to the ourve in such a way that
the two arcs seen by looking vertioally down through
the prism meet in a point. (Figure 31.) If the prism
is at one side of the point of infleotion, the matohed
arcs will show a change in direction at their junction,
but if the prism is directly above the point of in-
flection the ousp will have disappeared. The instrument
is plaoed above a convenient point on the ourve and
moved along until the ousp disappears. Its position is
then marked, and a seoond reading is obtained by ap-
proaohing the point of infleotion from the other side.
The two readings will seldom differ by more than 1 or
2 millimeters and their midpoint oan be taken as the
point of infleotion.
With a devioe of this type in \mioh the ohord
is 4.5 oentimeters long, the point of infleotion oan be
estimated on pictures of pendant drops to within Z 1.5
v..millimeters.
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IV
(a)
Means of Finding the Equator
Curve Fitting
Since the slope of the tangent is given by
the first derivative of the equation of the ourve,
This refers to a typioal drop profile for
whioh S = 0.8, and de = 10 centimeters.
the equator could be found by fitting an empirioal
equation to a number of measured points, setting the
derivative equal to infinity, and solving ~or the co-
ordinates of the point where the tangent line 1s
vertioal.
The precision of this method depends upon
the prec ision wi th which the coord1na tes of the points
oan be measured. It is doubt~ul if suf~101ent aocuracy
oan be obtained to make the method of the plane of the
equator practioal. A single caloulation requires about
one hour.
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(b) Use of aT-square
a? ~
- '\f Fb ~-I--
I',' 0 I
\
~ (/.J
Figure 32.
Suffioient preoision ror the method of the
se1eoted plane oan be obtained by finding the equator
by eye with the aid of a T-square and triangle.
(Figure 32.) On the present series of drop photographs
the probable error in Z is about t 0.1 oentimeter, and
the oorresponding error in x is less than 0.001 om.
V Means of Allowing ror Magnifioation and Shrinkag~
If the optioa1 system of the oamera is pro-
perly designed and in-oorreot adjustment, all linear
dimensions of the image will be some oonstant multiple
of the corresponding dimensions of the drop itself.
Let the optioal magnifioation be Bo diameters.
Sinoe photographio paper is made on a Four-
drinier machine, it is a homogeneous, anisotropio
sheet. Aocordingly, some small area whioh was square
when the image was projected on the paper in the oamera
will be subjeot to a uniform ,ohange in shape and size
during the course of the processes of development,
washing, and drying. Any suoh small area which was
initially square will, in general, be a rectangle by
the time the finished print is examined.
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Let the final length of a unit horizontal
distance on the new paper be designated by ~, and
let the final length of a unit vertioal distanoe
be Bv•
This distortion resulting from the use of
photographic paper can be completely avoided by the
use of glass plates. The distortion introduces an
error into determinations of the normal, but it does
not introduce error into the determination of the
plane of inflection or of the plane of the equator.
We can now rewrite the working formulae
for the various methods of measuring boundary tension
and insert the neoessary faotors to convert "apparentn
distanoes measured on the photographs to "actual"
dimensions of the real drop.
WORKING FORMULAE USING THE tt,APPAREN'l,uDll.1ENSIONS OF AN IMAGE
I The Method of Two Planes
(~) ~- V>. - \I \y.S h
'i>-l4t - \ ] ]
\ -- (6.2)
1)~B~13"
* (see next page)
II ""i\The Method of the Plane of Infleotion
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\
-- (8.1)
III The Method of the Plane of the Equator
Enter the table with ( ~ Bv)z;) ( ~
IV
.:~.~:-
The Method of the Selected Plane
-- (11.1)
from
Enter the table with (ds/de)
( 13 i \~--(14.1)o \'\-)
Approximations are introduoed in assuming that
~ is the proper faotor to be used to oorreot R and that
the normal found after shrinkage is not appreoiably dif-
ferent from the one whioh would have been found if there
were no change in the shape of the photographic paper.
Assumes only "uniformity" of the paper.
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COMPARISON OF FIVE OF THE METHODS
For Computing Boundary Tension from Piotures of Pendant Drops
.,
;\
Assumptions on whioh the oomparison is made:
The optioal magnifioation is 50 diameters.
Linear measurements oan be made to t 0.02 om.
The equator oan be found to :t 0.1 om.
The plane of infleotion oan be found to 1: 0.2 om.
The volume is found with a planimeter to ~ 0.1 %
The drops are pure water in air at 250 C.
There is no paper shrinkage.
Method Method Method of Method of Method of
of of Plane of Plane Seleoted
Worthington Two Planes Infleo t ion Equator Plane
Time 6 brs. 45 min. 15 min. 5 min. 5 min.Required
Preoision 4.0 3.0 2.0 1.0 0.5
:t%
Volumes 4 2 1 0 0Measured
Distanoes 12 6 2 2 3Measured
Other four two looate looate noneMeasure- normals normals infleot:1a1equatorments
Based upon the performanoe of tm present
pendant drop camera. The ultimate preoision possible
with the method of the seleoted plane and superior
apparatus could be about ~ 0.05 %.
APPARATUS FOR PHOTOGRAPHING PENDANT DROPS
The determination'of boundary tension by
a study of the shape and size of pendant drops
requires the development of speoial equipment. In
faot, it has been the laok of suoh equipment that has
retarded the development of pendant drop methods.
The essential features of pendant drop
equipment are, (1) a oamera oapable of produoing an
enlarged, und1storted, photographio image of the
profile of a pendant drop, and (2) an enolosed
ohamper where the drop oan be formed and maintained
at a desired oonstant temperature and in physioal
equilibrium With its surroundings. (Figure 33.)
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Figure 33.
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Mercury Arc Lamp
The Camera
An optical system of this type requires
the use of a light source of high intrinsic brilliancy
and of low heat output. For this reason, a G. E.,
type H-3, 85 watt, high pressure, capillary mercury
arc lamp was used. Since better definition is ob-
tained by the use of monochromatic light, the lamp
was equipped with a Wratten filter, number 77-A, to
produce a beam of nearly pure light having a wave-
o
length of about 5460 A.
In order to avoid distortion resulting from
false perspective, it is imperative that the drop be
photographed in parallel light. No collimating lens
system of satisfactory aperture will produce a beam
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Figure 34. Microscope objective with telecentric stop.
of parallel light from the light source adopted,
but the introduction of a small teleoentric stop at
the back.focus of the objeotive lens gives the desired
effeot by passing the rays which were parallel to the
optioal axis and exoluding all others. (Figure 34).
A stop having a diameter equal to 5 % of the effeotive
focal length has proven satisfactory.
A highly oorrected objeotive of short focal
length is necessary if sufficient magnification is to
be obtained. For all surface tension measurements, a
48 millimeter standard microscope objeotive was used
and found to be satisfaotory. Additional lenses are
desirable for interfacial tension measurements because
of the greater variation in drop size. Since drops
with low boundary tension and high effective density
are necessarily formed from small tips, higher magni-
fications are occasionally necessary. A 24 millimeter
objeotive if suitable for such oonditions. If, on the
other hand, the interfacial tension is high and the
effeotive density is low, it is desirable to form
large drops from big tips. Since a lens with a tele-
oentric stop oannot form an image of an objeot Which
is larger than the front element of the lens, a larger
lens than ~he standard 48 millimeter microsoope lens
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may be required oocasionally. 1~e use of a 10
centimeter telesoope objeotive has been suggested
for use under these oonditions.
~~e desirable size of the photographio image is
diotated by the type of equipment which will be used
to make the neoessary measurements. Sinoe, at the
time the present apparatus was oonstruoted, it seemed
neoessary to use a planimeter whioh required a large
picture, an 11 by 14 inoh pioture area was adopted.
This required an optioal magnification of 50 diameters.
The subsequent development of the method of the selected
plane has demonstrated that 5 by 7 inch plates are
sufficient if measurements are to be made with ordinary
soales, and 2 by 2 inch plates would give adequate
precision if measurements are made With a traveling
micros cope.
Three types of sensitized photographio material
are available: paper, film, and plates. Of these,
glass plates are the best and the mos~ expensive.
Processing and drying operations induce shrinkage and
distortion in both film and paper and only shrinkage
can be allowed for in the oalculations. Beoause of
the large size of the image Which was used in the
present camera, it was neoessary to use Photostat
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paper, the cost of plates being prohibitive.
Distortion of this paper is the largest souroe of
error entering into the use of the present equipment.
The most diffioult problem in the design of
the optioal system was the provision of a focussing
device. An instrument which is only intended for
surface tension measurements can be built with a fixed
object distanoe as well as a fixed image distance. If
the drop is formed in a tank of liquid for interfaoial
tension determinations, provision must be made to ad~ust
the location of the Object as the index of refraotion
of the external phase is ohanged.
fALUMINIZED MIRROR
r-~- ---
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The device Which was adopted is shown in
Figure 35. The camera was built with a fixed image
distance (insuring a constant optioal magnifioation),
and the drop was suspended from a movable stage
whioh oould be shifted in reotangular ooordinates
parallel or at right angles to the optioal axis. A
mirror which had been aluminized on its front surfaoe
was plaoed just outside the normal optioal path, half
way from the lens to the fooal plane. By moving the
drop slightly to one side, the edge of the image of
the drop oould be sent along the dotted line to the
mirror and baok to a ground glass Where it was viewed
through a magnifier. The fooussing was then aocomp-
lished by moving the drop parallel to the optioal axis
until the image on the ground glass was sharp. Follow-
ing this, the drop was returned to its position on the
optioal axis.
The 48 millimeter lens required a 1/10 seoond
exposure With white light or a one seoond exposure with
mercury green. The 24 millimeter lens required three
times as long an exposure.
The Thermostat System
Temperature oontrol is absolutely essential
to the aoourate determination of boundary tension.
This is true for two reasons: boundary tension is a
funotion of temperature Which approaohes zero as a
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0ritioal point is reaohed: phase oomposition is also
a funotion of temperature. If the fluids are not held
at a constant temperature, there will be a transfer of
material and of heat aoross the surface whioh is being
studied. This aotion will tend to disrupt any surfaoe
struoture which might normally exist and may oause
looal abnormalities in oomposition and temperature.
The present apparatus was designed to operate at
o 0temperatures between 0 and 80 C. A two ~~it thermostat
Output
ll~ v.'" "c
• •
Input
Figure 36.
system was adopted because it permits the influenoe
of vibrations due to stirring to be minimized. The
water in a five gallon thermostat tank was maintained
to within ~ 0.02°0. of a seleoted temperature by means
of the control equtpment shown in the figure on the
preceding page. This consisted of a large, mercury
filled, sensitive element which controlled a 500 watt
blade heater through a vacuum tube and two mechanical
relays arranged in cascade. (Figure 36.) Small changes
in ~he volume of mercury in the bulb of the sensitive
element caused variations in the height of the mercury
thread in a centrally located capillary tube. This
thread made or broke oontact with a tungsten electrode
in an atmosphere of hydrogen. The regulator operated
on only 0.4 milliamperes at 35 volts. A coil of copper
tubing was also placed in the large thermostat tank,
and cold water was circulated through the coil when it
was necessary to work at or below room temperature.
Racks were plaoed in the large thermostat
tank, and each specimen was stored in the tank far
several hours before any measurements were made. The
pycnometers With Which densities were measured were
also brought to temperature in this thermostat.
Water was siphoned from the large thermostat,
circulated through a small thermostat Which surrounded
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the drop ohamber, and then pumped baok again into
the large tank. The oiroulation rate was about
five gallons per minute.
Figure 37.
This small thermostat oonsisted of a double walled
brass tank of speoial oonstruotion. (Figure 37.) It
was finished on the outside with ohromium plating to
reduoe heat transfer, oontained a rectangular ohamber
whioh aooommodated the glass ouvette, and was provided
with windows for admitting light from the merouryarc,
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for the objeotive lens, and viewing the drop. The
oover of this tank was provided with dovetail slides
whioh permitted lateral and longitudinal movement of
the drop-forming syringes. The light from the mercury
arc lamp was passed through a water cell formed by the
jacket of the small thermostat tank to remove radiant
heat from the beam before it reached the pendant drop.
Cuvettes and Drop-formin~inges
One of the most important requirements for
any apparatus for determining boundary tension is that
all the parts of the equipment Which come in contact
with the fluids shall be readily removable and easily
cleaned. The 'most suitable material of construction
for such parts is resistance glass, but Pyrex is nearly
as satisfactory, is more readily obtained and blown, and
is more resistant to thermal shook. For high temperature
work, quartz may be substituted for glass. It is not
necessary for the tip to be made from a material which
is "wetU by the liquid in the drop.
Tre ouvettes used were of the type shown in
the aocompanying photograph:~:.(Figure 38.) They are
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"-". These are commeroially available from the
RESEARCH AND DEVELOP1ffiNTCO., 8 West 40th Street, N.Y.C.
Figure 38
made of two optioally flat sheets whioh are oemented
to a U-shaped strip with an aoid proof oement. They
will withstand repeated oleaning in ohromio aoid and
drying in an oven at 1100 C. Their approximate out-
side dimensions are 1.8 x 2.3 x 4 inohes.
The drop-forming syringes were made by
"-welding drawn tubing to standard Pyrex hypodermio
syringes of 1.5 00. oapaoity. Tip diameters (outside)
of 1, 2, and 4 millimeters are easily made in this
way. The 2 mm. size is standard 'for surface tension
work. Tips for drops 1.pendant up" are made in the
same way, but a longer length of tubing is required
and its end is bent around like the letter J. Very
small tips can be made from standard, stainless steel
hypodermio needles. The ends of all tips must be
carefully ground perpendicular to the axis of the tube.
1.02
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THE SIZE OF LIQUID DROPS
If the definition of beta is solved for
.."b, we obtain:
In other words, WHEN A COMPARISON IS MADE BETNEEN
TWO STATIC FLUID SURFACES OF THE SAME SHAPE BUT OF
DIFFERENT BOU~IDARY TENSIONS AIID OF DIFFERENT EFFECTIVE
DENSITIES, THE RATIO OF ANY PAIR OF CORRESPONDING
LINEAR DD,fENSIONS WILL BE DIRECTLY AS THE SQUARE ROOT
OF THE RATIO OF 'fHEIR BOUNDARY TENS IONS AND INVERSELY
AS THE SQUARE ROOT OF THE RATIO OF THEIR EFFECTIVE
DENSITIES.
This relationship can be made more clear by
applying it to the solution of some typical ~~oblem.
I Suppose that a pendant drop of water in air
has a convenient shape when the glass tip has a di-
ameter of 2.5 mill imeters. It is'required to calculate
the size of a tip from which a drop of mercury of the
same shape can be hung.
2.5
1;- =
72.0
430.
13.6
1.00 =
1.51
104
1 =
1-
1.61 mm.
Remembering that water drops hang from the
OUTSIDE of glass tips ani that mercury hangs from
the INSIDE, the required tip should be built of tubing
having an,inside di'ameterof 1.61 millimeters.
II Assume that the effeotive density, ~, equals
0.01 grams per oubio oentimeter. Find the maximum
surfaoe tension whioh oan be measured with an instrument
limited to the use of tips Whose outside diameter is
less than 6.0 millimeters. Assume that the drops are
to have the same shape as those of Problem I.
2.5 =
~
72.0 0.01
6.0 Y max 1.00
Y max = 0.72) ( 5.75 ) = 4.14 dynesom.
This oaloulation refers to the normal case of
drops hanging from the rim of the tip. Differenoes in
the angle of oontact between the interfaoe and the wall
are irrelevant. In the oase of drops hanging from the
vertioal wall of a tip, differenoes in the angle of
oontact, if present, oan not be ignored in computing
tip size.
PRECISION
The disoussion in this seotion deals with
a possible future instrument rather than with the one
at present in use.~~ It seems more important to discuss
the limitations of the best instrument which can be
built on ~he basis of present experience than to re-
strict consideration to a crude, exploratory apparatus.
Faotors which Cause Error in the Shape of the Drop
The attainment of physical and chemical equi-
librium is of primary importance. The surface tension
of water changes at the rate of about 0.2 % per Centi-
grade degree. Accordingly, if error from this source
is to be less than ~ 0.01 %, the temperature of the
drop must be held within t 0.05 centigrade degree of
the desired temperature. Not only must the average
temperature of the drop be correot, but also fluotu-
ations in temperature should be reduced to a minimum.
~~ The present instrument gives checks to about
t 0.05 %. This is better than the ring method or the
maximum bubble pressure method, but it is less precise
than the drop weight method or the more elaborate var-
iations of the oapillary rise method.
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If a steady state i~ not maintained, there will be
an appreciable transfer of material through the inter-
face which is being studied. This will tend to disturb
whatever surface struoture would normally exist in the
boundary layer, and it may produce anamolous changes
in the boundary tension. Furthermore, any evaporation
from or condensation on the drop will cause a change
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*in the oomposition of the surface. Such distillation
effects will be acoompanied by the transfer of latent
heat. ,It is therefore neoessary to provide accurate
temperature control, to form the drop in a sealed
chamber, and to allow ample time for equilibrium to
be attained. Fortunately, this is not difficult, and
a thermostat can be held to better than ~ 0.001 Co. if
suitable precautions are taken in its oonstruction.
Imperfeotions of tip deSign can cause errors
in two ways: ~he end of the tip may be irregular in
shape, and the piston may be so loose that the fluid
drains down from the syringe while the drop is being
observed. One of the outstanding advantages of the
method of pendant drops is the fact that the measure-
ments are made at points on the liquid surface which
Except in the case of a pure liquid in its
own pure vapor.
are remote from the end of the tip. The method is
insensitive to minor irregularities in the shape of
the end of the tip because all non-uniformities are
either bridged by the liquid surfaoe or they are
smoothed out very rapidly a short distance below the
poiht of attachment. Thus, quite perfect drops can be
formed from relatively imperfect tips. Major faults in
tip shape are readily detected and corrected, minor
.,faults produoe negligible error.i~ It will probably be
necessary to build special grinding equipment to make
the tips for a precision camera, since handmade tips
are not interchangeable.' ~Vhen the drops consist of a
heavy liquid Which does not wet the tip (mercury in
glass) there may be trouble due to a tendency of the
liquid to drain out of the syringe. This difficulty
can be correoted by sealing the piston with a drop of
some neutral liquid (mineral 011). Care must be taken to
avoid contaminating the tip, but no unusual precautions
GANS and HARKINS, J. Am.Chem.Soc., 52,2287, (1930).
It is stated that inclinations of the tip as great as 30
cause negligible error in drop weight measurements. If
the selected plane is reasonably remote from the end of
the tip, this limit may also'be considered applicable to
the method of pendant drops.
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appear ~o be necessary. Cleanliness is very impor-
tant. Boundary tension is a surrace phenomenon, and
is profoundly arfected by slight traces of contaminating
substam es. However, since the liquid in the drop has
a very short time of contact with the drop forming
syringe and since the drop is readily discarded and
replaced by a new drop rreshly formed from clean fluid,
there is little probability or contamination of the
drop surface by the transfer of surface active material
from a reasonably clean tip.~~ The major effect of tip
contamination is to cause non-uniform wetting or local
abnormalities in the angle of contact. If this effect
is present, it is readily detected and eliminated by
washing the tip in the liquid and rorrning a new drop.
Precision work on boundary tensions should
be conducted in the cleanest possible environment.
Air conditioning may not be essential, but it is
certainly very desirable.
Many procedures ror cleaning glass are given
in the literature, but there is no unanimity about which
steps are necessary and Which aretradit;ional. The usual
procedure involves boiling chromic acid, organic solvents,
steaming with conductivity water, and drying With filte~
ed a it' . Bashforth and Adams used "the pith of the s"talk
of the artichoke"? (B. & A., p. 73 - 74)
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Vibration is objectionable in any apparatus
used for the measurement of boundary tensions. It is
particularly important in thos~ methods which require
the formation of pendant drops, irrespective of whether
these drops are static or detached during the measure-
ments. Vibration is also a source of error in the ring
method, in jet formation, in the bubble pressure method,
and in ~he capillary rise method. Drops have resonant
frequencies which cannot be changed, it is therefore
essential to eliminate those sources of vibration which
have objectionable frequencies. Mechanical vibration can
be reduced by building an instrument with a large inertia,
free from moving parts, and mounted on shock absorbing
pads. Sonic vibrations must be eliminated at their
source or by insulating the room.
Physical Limitations of a "Perfect" Instrument
As.suming that measurements are to be made of
the surface tension of dr'ops of water having the usual
shape (S = 0.85) and that the camera has an optical mag-
nification of ten diameters, the permissible error in
+linear measurements is - 0.002 % if the resul~ing error
in the surface tension is to be less than 0.01 %. This
1iO
means that the traveling microscope with which the
ph.otographs of the drops are determined must be capable
of measuring distances to the nearest micron, an accur-
acy which is just within the reach of high precision
equipment.
This tolerance amounts to ~ 0.1 micron, or
o1000 Angstrom units, on the drop itself. The wave
length of the shortest useable light for a glass op-
otioal system 1s about 4000 A. It is commonly said
that the resolving power of a perfeot lens system is
about one half of the wave length of the light used.
This statement requires expansion if misunderstanding
is to be avoided.
Resolving power is defined as the minimum
distance between two points of the object for. which the
lens will form separate diffraction patterns. If, as
in ~he present case, diffraction patterns are not in
themselves objectionable, the limit of the accuracy of
linear measurements is not set by the resolving power.
In fact, it is found desirable to use monochro~atic
light in order to obtain a more distinct diffraction
pattern. The image of a drop is then a clear area on
the negative and is bordered by a sucoession of thin
white lines on a blaok background. The first bright
line of the diffraction pattern makes a very satisfactory
outline to whioh measurements can be made. By a
suitable application of this technique, it would be
possible to make linear measurements with the required
prec ision.
Standard photographic emulsions are capable
of resulving a pattern of as many as 500 lines per
centimeter. That is, the resolving power is limited
by the grain of the emulsion to about 20 microns.
However, as with optical res0lving power, this diffi-
culty is not of critical importance. If it is found
that standard emulsions are too coarse, it is easy to
greatly improve the photographic resolution by the use
of fine grain emulsions and developers.
Physioal limitations are seen to place some
restrictions on the ultimate precision of the method of
pendant drops, but the attainable precision is equal or
superior to that obtained with competitive methods.
Limitations Imposed by Precision of Construction
Certain sources of error are traceable to
preoision of construotion. In general, such inaoour-
acies can be reduced or eliminated by improvements in
design or by more careful worlooanshlp.
~he problem of grinding a set of glass tips
has already been mentioned. It will be neoessary to
11t
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build special jigs and polishing equipment, but no
unusual or insurmountable difficulties are to be ex-
pected.
Modern high grade microscope lenses are very
fully corrected to give an undistorted plane image.
It seems probable that proper choice of standard optical
equipment will make it possible to reduce errors due to
image distortion below ~he limits set by the precision
of the o~her parts of-the apparatus.
It will be necessary to make linear measure-
ments on glass plates with a traveling microscope capable
of determining distances to the nearest micron. A
similar problem has been met and solved in connection
with spectroscopic work.
One of the most difficult problems is that of
determining the optical magnification of the camera.
Since the optical magnification enters the formula for
the boundary tension to the second power, it must be
measured with an accuraoy tWioe as great as that required
of the other measurements. It seems probable that the
best method is to photograph a small oylinder whose
diameter has been measured with an interferometer and
to measure its image with the traveling microscope.
The precision of the boundary tension
measurements is directly influenced by the precision
to which the quantity, H, is known as a function
of S. This precision is limited only by the
labor and patience of the computer.
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SURFACE TENSION
Data and Discussion
The determinations of surface tension
whiCh are presented and discussed in this section
can be grouped conveniently under the following
classifications:
(1) Pure liquids
(2) Binary mixtures of pure liquids
(3) Ternary mixtures of pure liquids
(4) Aqueous, surface active solutions
(5) Aqueous suspensions of colloidal bentonite
It should be noted at the outset that the
method of pendant drops is the first to permit
determining the boundary tension of a surface of
known age. This is of extreme importance, since it
is certain that the surface tensions of certain
classes of solutions vary markedly with time, and it
is probable that all surfaces age to some extent,
particularly if more than one moleoular speoies is
present.
In this thesis, it is oonsidered to be
essential to give the age .ofa surfaoe together with the
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temperature in any statement of the magnitude of
the boundary tension. This should be remembered
when oomparing these data with those given in the
literature, since all other common methods measure
surfaces which are much older than ten seconds, the
standard employed in the measurements reported below.
(1) The Surface ~ension of Pure Liquids
The most critical test of the method of
pendant drops is the comparison of the values obtained
for a number of pure liquids with those accepted as
standard in the literature, particularly the values
published in the International Critical Tables.
The samples tested were all of the highest
grade commercially available, but no attempt was made
at further purification. The methanol, ethanol, benzene,
and toluene were of uspeoialttgrade. The other samples,
with the exoeption of ethylene glycol and methylene
chloride, were of C. P. grade. The ethylene glycol
and methylene chloride were of commercial grade.
The water was very carefUlly prepared by
triple distillation and fraotional condensation. This
is of particular importance since the H-S function used
t16
by the method of the selected plane was empirically
determined from photographs of drops of pure water
and is based on the accepted value of 72.00 dynes per
centimeter for the surface tension of pure water at 25°G.
In the accompanying table, the surface
tensiOns at 25°C. are presented for sixteen liquid
samples. Each of the values tabulated in the first
six columns was calculated by the method of the selected
plane from a photograph of a new drop aged ten seconds
in air saturated with the vapor of the liquid.
It will be noted that substances which can
be obtained commercially in a very pure state give
excellent checks With the accepted values for their
surface tensions. Methanol, ethanol, benzene, toluene,
carbon tetrachloride, and acetone all give good results.
The least satisfactory of these, methanol and benzene,
differ from the "accepted valueu by slightly over 1 fo.
The values Which are reported for mercury
are more consistent than any others noted in the
literature, and they are probably the most reliable
so far obtained. It has been noted that the mercury
..surface oxidizes slowly in contact with air ;/~and an
* LEMARCHAIIDS and CONVERS; J. Ch1m.Phys.,32, 657-69,
(1935)
TABLE SEVEN
Chemical Formula 1 2 3 4 5 6 Average Accepted
Water HaO 72.0
Methanol CHaOH 22.6 22.5 22.5 22.6 22.5 22.2
Ethanol CaHsOH 22.2 21.8 21.9 21.9 21.9 21.7 21.9 21.9
n-Butano1 C.HgOH 24.8 24.9 24.5 24.8 24.5 '24.7 24.2
i-Pentanol CSH110H 23.7 23.6 23.6 23.7 23.7 23.7 23.4
Ethylene- CaH.(OH)a 43.5 43.5 43.8 43.8 43.9 43.6 43.7 47.3
glycol
Glycerol CaHs(OH)a 62.5 63.0
')lethylene- CHaCla 27.7 27.5 27.5 27.6 27.6 27.4 27..6 25.8chloride
Chloroform CHCla 27.0 27.0 26.9 26.8 27.2 27.0 26.4
Carbon- CC1. 26.1 25.9 26.2 26.3 26.3 26.0 26.1 26.2
tetrachloride
Acetone CHaCOCHa 23.2 23.3 23.4 23.1 23.3 23.2 23.2 23.1
Ethyl ether CaHsOCaHs 17.6 17.3 17.6 17.4 17.5 17.3 17.4- 16.7
Benzene C6H6 28.0 28.0 28.2 28.2 28.0 28.2 28.1 28.4
Toluene C1aH22 27.9 27.7 27.5 27.6 27.9 27.7 27.7 27.8
Mineral oil CnHan+2 29.7 29.8 29.4 29.7 29.9 29.7 29;7 --
Mercury Hg 436. 43&. 436. 435. 436. 435. 436. 430.
appreoiable change of surface tension accompanies
this ageing. The faot that the method of pendant
drops makes it possible to examine a surfaoe of
known age is much in its favor.
It is sometimes difficult to obtain water-
free samples of certain ohemicals. A case in point
is glycerol. The neoessity of obtaining a water-free
sample can be avoided by obtaining the surface tension
of a number of samples of aqueous solutions of glycerol,
plotting a ourve of surface tension versus composition,
and extrapolating the curve to determine its value at
zero per.cent water. The value reported in Table Seven
was obtained in this manner from the curve given in
the next section of this report.
Study of the individual determinations for
any of the substances listed in Table Seven shows that
the general limit of soattering above and below the mean
is f 1 %. Accepting this value, the averages caloulated
from six individual determinations have a probable ran-
dom deviation of about i 0.4 % from the true, ten seoond,
25° C., surface tensions of the samples tested. No
constant deviation from aooepted values is apparent.
For determining the surface tension 'of pure
liquids, the method, in its present state of development,
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is superior in aocuraoy to the ring and bubble
pressure methods, but it is inferior to the exaot
capillary methods and to the drop weight method. In
the matter or speed, the method oompares favorably
with any other method. Potentially, it is oapable of
superior accu~aoy.
(2) The SurraoeTension of Binary Liquid Mixtures
There are two general types of binary liquid
mixtures: those which are oompletely misoible, and
those which are not. The Burraoe tensions o£ mixtures
of liquids which form perfect solutions change continu-
ously with variation in the oomposition of the sample.
The curve mayor may not pass through a maximum or a
minimum. Mixtures of incompletely miscible liquids
give discontinuous ourves.
The profile ourves (Figures 39, 40, and 41.)
from the three sides of the Water-Methanal-Glycerol
triangle given in the next section (Figure 43.) are
typical examples of curves for miscible liquids. Eaoh
of these curves is continuous, and none passes through
a maximum or a minimum. This is what might have been
expected for solutions of liquids haVing such closely
related molecular structures.
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If one of the liquids is strongly surrace
active, and is structurally dissimilar to the other
liquid, maxima and minima may be observed. Moreover,
there may be a considerable difference in the shape of
the curve depending upon the age of the surface. These
characteristics are shown by solutions of sodium oleate
in water and are reported in Figures 48 and 49.
A complex problem is met if the two liquids
are inoompletely misoible. Ethyl ether and water, for
exa~ple, are incompletely miscible. We know the surface
tension of water to be 72.0 dynes per centimeter at 25°C.
and the surraoe tension of ether :is found to be 17.4 dynes
per centimeter. Andreas finds the surface tension or
water saturated with ether to be 32.9 dynes per centimeter,
and of ether saturated with water to be 17.2 dynes per
centimeter. The I.C.T. gives the limits of the region
of incomplete misoibility as 1.24 and 93.18 weight per
cent water. From these data we can sketch a diagram
which is typioal of the surface tensions ror an incom-
pletely miscible, binary system.~~
The addition or the interracial tension line
between 1.24 and 93.18 weight per cent of water completes
the boundary tension diagram. The completed diagram
will be found in the thesis of Andreas, together with
the detailed data for the immiscible region.
122
20 40 60 80 100
Weight Per Cent Wote r
Figure 42.
(3) The Surfaoe Tension of Ternary Liquid Mixtures
Triangle diagrams oan be used to chart the
surfaoe tension of any ternary mixture of liquids.
There are many types of liquid systems whioh are
possible. The type shown here is typical of a system
in which the components are completely miscible.
The system chosen was Water - Methanol -
Glycerol. Two diagrams are presented for this system.
The firs~ shows the variation of density with composition,
~~the second shows the variation of surfaoe tension.
~~ Similar data are reported for the system Water -
Ethanol - Glycerol by ERNST, WA'!'KINS, and RmVE; J. Phys.
Chern.,40, 627-35, (1936).
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Three different drops were photographed for
eaoh sample. The value of the surfaoe tension was
computed by the method of the selected plane from each
pioture and each of the results tabulated in the columns
-marked y s.p. represents the average of three independ-
ent determinat ions. Tre pictures for the first thirty-
three samples were also computed by the method of the
plane of infleotion, and the averages of these results
are tabulated in the column marked y inf. Since the
time required for the infleotion calculations is about
three times as much as that required for the method of
the selected plane and sinoe the results are less pre-
oise, the inflection caloulations were disoontinued and
all other pictures made for this thesis or for the
thesis of Andreas were oomputed by the method of the
selected plane.
It will be noted that the lines of constant
density on the first triangle do not have the same
direction as the lines of constant surface tension on
the seoond triangle. Accordingly, if it were desired
to avoid the difficulties of the usual chemioal analysis,
the composition of any sample of a mixture of water,
methanol, and glycerol could be determined from measure-
ments of its density and surface tension.
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(4) Surfaoe Tensions of Aqueous Surfaoe Aotive Solutions
The ohange of boundary tension with time is
a oommon phenomenon. This ohange may result from one
or more of several faotors. If the orientation of the
moleoules in an interfaoe results in the formation of a
surfaoe structure, this may be expeoted to oause a
ohange in boundary tension. If a partioular speoies
of moleoules diffuses from the main body of fluid into
an interfaoe (positive surfaoe aotivity) or if a par-
tioular type of moleoule migrates from the interfaoe
into the main body of fluid (negative surfaoe aotivity),
a ohange in boundary tension will aooompany the migration.
If a ohemical reaotion takes place at the interfaoe,
such as the slow oxidation of mercury in oontaot with
air, the boundary tension will be affeoted.
The energy changes which aocompany the forma-
~ion of the equilibrium surface struoture oan be separ-
ated into several parts: (1) the free energy of the
surfaoe layer, surface tension or interfaoial tension9
(2) the potential energy of the fluid mass, determined
by the shape, size, and elevation above some datum plane,
and (3) the energy of the main body of the fluid, altered
by concentration ohanges whioh aocompany the formation
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CHANGE OF DROP SHAPE
AND SURFACE TENSION WITH AGE
0.0025 % SODIUM OLEATE IN WATER
I I I
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of surfaoe struoture. It is known from the thermo-
dynamics that the free energy of the system taken as
a whole oan not spontaneously inorease, but it is a
mistake to assume that the boundary tension must
always decrease. It is possible for a system to be
in such a state that large deoreases in one form of
free energy make possible small increases in another.
The method of pendant drops is the outstand-
ing methcd for studying solutions of surfaoe aotive
materials. A single drop of solution may be repeatedly
photographed without in any way.disturbing the inter-
face under investigation. Thus it is possible to
determine the variation of boundary.tension with time
and to construct accurate ageing curves.
The shape of a pendant drop of a surface
aotive solution undergoes a striking change with time
as is shown by the series of pictures of a drop pre-
sented in Figure 44. As the surface tension of the drop
decreases, the drop grows progressively lon@3r, and if
the effect is sufficiently pronounced, the drop will
eventually become unstable and fall from the tip. In
fact, if the ageing effect is v~ry pronounced, it may
be neoessary to study drops of different sizes in order
to obtain favorable drop shapes throughout the desired
time interval. Relatively large drops can thus be used
to determine the surfaoe tension during the first
few seconds and smaller drops can be used to obtain
the data for older surfaces. The combined results
will then give an accurate curve over the entire
time interval.
A program of a comprehensive nature would
reql.:irethe mal{ingand analys is of thousands of
photographs, it would neoessitate the expenditure of
considerable money, and it would take several years.
In the oourse of the present investigation, it has
only been possible to indicate too possibilities of the
method by making a number of typical measurements of
interesting systems.
Nine samples of aqueous solutions of sodium
oleate and six samples of sodium stearate solutions
were investigatedi and the results are summarized in
Tables Nine and Ten. From these data, six diagrams
have been prepared which show graphically the behavior
of these soap Solutions.
Figures 45 and 46 show the change with time
of the surface tensions of solutions of sodium oleate.
It will be noticed that extremely dilute solutions
(0.00025 wt.%) of this soap have an initial surface
tension equal to that of pure water. During the first
few seconds that the drop is aged, the surfaoe tension
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TABLE NINE
AQUEOUS SOLUTIONS OF SODIUM OLEATE IN AIR
25°C AGEING CURVES
-f "..,tn
J. .•"", I"
Nine samples were prepared from Kerk7s Neutral Sodium Oleate and conduct-
iVity grade distilled water. The compositions are given in weight per cent,
and the surface tensions in dynes per centimeter. The age or the surrace, in
secondS7 is given by the column heading unless otherwise indicated by a sub-
script.
AGE 5 10 15 30 60 120 240 480 960 1800 3600
0.q0025~ 73.1 72.4 72.7 73.0 73.4 73.0 73.3 73.5 74.0 73~9 72.0
72.3 72.2 71.3 72.8 73.7 73.2 73.2 73.5 73.3 72.5 70.2
0.0025% 71.8 75.3 75.2 71.8 68.5 61.2 47.8 44."0 41.6 40.7 40.6
72.4 71.4 71.8 68.335 59.4 49.7 45.0 42.7 40.5 39.9
0.025% 28.2. 27.18 27.014,
26.6. 26.88 27~416 26.6 26.6 26.7 26.8 27.7 29.1 30.1 31.0
29.23 27.50 27.31• 27.125 26.8 27.1 27.0 27.7 28.3 29.3
0.25% 25.a 25.5 25.2 25.6 24.8 25.2 25.2 25.7 25.3 25.5 25.3
25.6 25.2 25.3 25.3 25.3 25.3 25.3 25.2 25.2 25.1 25.3
0.50% 25.7 25.3 25.5 25.3 25.2 25.2 25.0 25.1 25.0 25.6 25.1
25.6 25.3 25.5 25.2 25.2 25.1 25.2 24.8 25.1 25.1
1.00% 26.5 26.3 25.5 26.2 26.4 26.5 26.0 25.6 25.5 ..25.5 25.4
26.7 26.5 27.0 26.8 27.0 26.6 26.0 25.5 25.6 25.3 25.2
2.00% 27.8 27.4 27.410 27.538 27.6 27.2 27.1 .26.8 26.1 25.7 25.3
28.0 27.1 27.516 27.5 27.1 27.1 26.7 26.4 26.2 25.5
4.00% 28.9 ,28.70 28.710 28.4 28.9 28.8 28.2 28.1 28.3 27.3 26.2
28.6 28.3 28.2 28.5 28.5 28.2 28.1 27.7 27.2. 27.2 26.8
8.00% 29•.2. 28.716 28.7 28.6 28.9 28.9 28.5 28.1 27.8 27.5
28.50 28.813 28.4 28.2 28.3 28.0 28.0 27.7
TABLE TEN
AQUEOUS SOLUTIONS OF SODIUM STEARATE IN.AIR
25°C AGEING CURVES
Nine samples were prepared from Baker's C. P. Sodium Stearate and conduct-
iVity grade distilled water. The three most concentrated samples gelled and no
measurements of surface tension were possible. The data for the remaining six
samples are tabulated below. The compositions are given in weight per cent, and
the surface tensions in dynes per centimeter. The age is in seconds.
1.31.
AGE 5 10 15 20 30 45 . 60 120 240 480 960 1800 3600
0.00025% 73.9 71.9 71.4 72.3 72.8 72.7 72.5 73.3" 73.4 73.2 73.3
73.6 73.3 73.7 72.9 73.6 74.1 73.5 75.2 73.9 74.5 74.2
0.0025% 72.7 72.'2 71.3 73.4 73.1 73.4 72.9 72.4 71.7 64.0 60.5
73.2 72.8 73.5 74.5 73.6 73.2 73.3 73.7 72.9 67.1
0.025% 72.9 69.2 66.9 61.3
70.8 71.9 69.7 62.9 58.2 54.4
72.2 71.6 66.3 63.4 56.9 54.6 50.7 .45.8 42.6 39.1 35.7
63.5 57.7 54.3 51.6 47.3 42.8 39.2 36.0
0.25% 40.3 37.7 36.6 36.4 35.6 35.2
39.8 36.9 36.7 35.5 34.8 34.3 33.8 32.5
39.1 37.2 37.0 36.6 37.7
35.9 33.9 32.9 31.6 29.5 28.4 27.3 25.6
34.5 35.0 33.3 31.4 ?9.6 28.1 27.3 24.1
0.50% 36.5 34.9 34.0 33.9 33.4 32.8 32.6 32.3
36.0 35.1 34.5 33.5 33.4 32.2 32.4
36.7 34.9 34.6 33.0 31.9 30.9 29.9 28.3 27.5 26.4 25.5
32.9 32.1 31.2 30.1 28.4 27.6 26.3 25.4
1.00% 34.0 32.6 31.8 31.4 30.6 29.1 29.0 28.4 27.9 23.8
34.7 33.3 32.0 31.1 31.3 29.4.
34.4 33.1 32.8 32.1 30.6 29.7 28.9 28.0 27.4 26.6 25.6 24.6 24.3
30.1 28.4 27.6 26.6 25.8 25.0 24.4 23.4
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shows a small increase. It soon reaohes a maximum
and then falls off slowly to an equilibrium value of
about 70. dynes per oentimeter.
The next sample of the series, containing
0.0025% of sodium oleate by wei&ht, shows this same
initial increase above the surface tension of pure
water. However, in this case the rise is very rapid,
and within the first fifteen seconds the surface tension
starts to fall rapidly, reaohing an approximate
asymptote after about 1500 seoonds.
Still more concentrated solutions, 0.025 and
0.25% show a deorease during the first few seoonds,
followed by reoovery. The 0.025% solution in partioular
seems to approaoh the same asymptote as the 0.0025 %
solution, but from the lower side.
A minimum surface tension is observed for a
solution oontaining 0.5 % sodium oleate, and the ageing
ourve for this solution is a horizontal straight line.
(Figure 46) More concentrated solutions have slightly
higher surface tensions, and all deorease with time,
approaching the asymptote defined by the curve for the
0.5 % solution.
This would seem to indicate the existence of
three metastable equilibrium surfaoe struotures. One
gives a surfaoe tension of about 74 dynes per centimeter,
t34
another about 41, and the third at approximatcl.y25.
Before this hypothesis oan be definitely established,
it will be neoessary to examine many other dilute
solut ions .inthe range from 0.025 to 0.0001 % or lOVJer.
The ageing of sodium oleate solutions is due
to the migration of molecules of the soap from the main
body of the drop into the interfaoe. In the case of
the more concentrated solutions, this results in the
formation of a vis ible "skinu on the surfaoe of the drop.
The sodium oleate moleoules are so tightly paoked that
they form a semi-solid layer as soon as the surface has
aged for a few minutes.
The conoentrated solutions of sodium oleate
show a surprising effect. For the first fifteen to
thirty seconds, the surface tension deoreases rapidly.
There is then a sudden recovery followed by a further
and uninterrupted decrease. (Figure 47) This same
effeot was noted in the case of dilute solutions of
sodium oleate in mineral oil.~:.Only certain soap
solutions showed this effect. It was not observed in
other cases. This would seem to preclude the possibility
that it was due to improper operation of the drop forming
syringes, since the same standard prooedure was used
See the thesis of Andreas, page /38.
at all times. Moreover, no sudden changes in drop
size were noted at any time. All observat ions were
made in duplicate and the breaks in the curves checked
well for each pair of observations. The effect there-
£ore seems to be due to some real discontinuous change
in the surface o£ the drop. No satis£actory explanation
has been found, and I am forced to report the data with-
out demonstrating the cause of the effect.
Figures 48 and 49 are curves .£or solutions
of sodium oleate in water and show the variation in
surface tension with composition for drops of a defin-
ite age. The existence of a definite minimum surface
tension for solutions containing about 0.5 % sodium
oleate by weight is clearly shown in Figure 48. This
effect has been reported in the papers by McBain and
his associates .~~
The curves for sodium stearate, Figure 50,
show a more uniform progression than those for sodium
oleate. This might have been expected, since sodium
oleate is an unsaturated compound and sodium stearate
is saturated.
As in the case of the oleate, there appear
to be at least two semi-stable surface structures.
~~ McBAIN, FORD, and WILSON; Koll. Zeit., ~, 1,(1937).
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(5) Surface Tension of Aqueous Colloidal Sols
Four samples of colloidal Bentonite
suspensions were tested. An ageing curve was attempted,
but is not reported, since no significant change in
surface tension with time was noted. The samples which
were tested were of 0.5 and 1.0 weight per cent concen-
tration. Two of the samples had been dialyzed to
remove soluble salts. It should be noted that eaoh
of the samples had a surface tension greater than that
of pure water.
TABLE ELEVEN
SD~FACE TENSIONS OF.COLLOIDAL Bm~TONITE SUSPENSIONS
25° C. 10 Seconds
1.0 % 74.5 74.4 74.2 75.2 75.2 74.2 74.2
0.5 % 74.0 74.6 75.1 74.3 75.3 75.0 74.7
1 .0 % (dialyzed) 74.1 74.4 74.4 75.1 74.0 75.5 74.6
o .5 % (dialyzed) 75.1 74.7 74.6 74.2 75.2 74.9 74.8
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